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1. Measuring sets

Our aim
To extend:

the notion of length of an interval in R to more complex subsets of R;
e the notion of the area of a rectangle in R? to more complex subsets of R?;
e the notion of volume of a cube in R? to more complex subsets of R?;
o ...
Remark 1. Such extensions cannot be constructed for all subsets of RP for p € N* =

{1,2,3,.. .}

Some “super humbers”—our “contract”

We introduce “super numbers” +o00 and —oo that must not be confused with the limits with
the same notations.

The following rules will hold:

e VaeR, —oco<a<+oo;

e VaeR, a+ (£oo)=(+o0)+a= +too;

Va € Rwitha >0, a-(+oo) = (£o0) a = +oc;

Va € Rwitha <0, a-(+oo) = (+o0)-a = Foo;

(+00) + (+00) = 400 and (—00) + (—00) = —o0;
e 0 (+oo) = (£o0)-0=0.

Remark 2. (+00) + (—00), (—o0) + (+00) are not defined.

Some notations
Let X be a “universe”; by this we mean a non-empty set.

e The family of all subsets of X is denoted by &(X):
P(X)={A: ACX}.
Remark that @, X € Z(X).

e We put
Ry :={a€R : a>0}=]0,+00]

and _
Ri:={a€eR : a>0}U{+o0} =0, +00].



1.1. Measurable sets and measures

1.1. Measurable sets and measures

The notion of s-algebra

Definition 3.
Given: )
—_— e auniverse X and

e a family of subsets &7 C Z(X)

we say: .o/ is a o-algebra (on X) iff:

1. o, X € &7,
2.VAc o/, (A=X\Aco

3. for all sequences { A, },1>5 of subsets in <7, we have U7 A,, €
o

Remark 4. & (X) is a o-algebra on X, but for our purposes, this family is to large!

The behaviour of o-algebras under set-operations

Proposition 5.

Hyp o C P(X)ao-algebra
Concl

1. o is C-stable:
VAc o/, [Acw.

2. o is U-stable:

VA,Bec o/, AUBE .

3. o is N-stable:

VA,Be o/, ANB=C[(CAUCB) e .




1. Measuring sets

4. of is \-stable:

VA,Be o/, A\B=ANCBe .

5. o is \-stable:

VA,Be o/ AAB = (A\B)U(B\A)
=(AUB)\(ANB) e &

+oo
6. o is U -stable: For any countable index set I such as

n=1

I=N or I=7Z or [=7Z" or

we have
Abedfome[=>UALe;z%,

el

where | J,.; A, ={zx € X : v € I suchthat x € A,}.

el
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+oo
7. o is ﬂ -stable: For any countable index set I such as

n=1

[I=N or I=7Z or I=7" or

we have
Abedforcel:ﬂ/he%,

el

where (,.; A, ={z € X : z €A, Viel}.

el

The notion of measurable space

Definition 6.
If o7 is a o-algebra on the universe X, we say that the pair (X, .«7) is a measurable
space.

How to define s-algebras

o-algebras are most of the time huge families that cannot be defined by enumerating the
subsets belonging to it. We will now introduce a way to define a o-algebra that relies on the
following result:

Proposition 7.
Any intersection

N«

el

of o-algebras <7, (1 € I) on a common universe X is a o-algebra on X ,too.

Let & C #(X) be a non-empty family of subset of a universe X.
We may then consider the intersection of all o-algebras on X containing &’; we thus may

consider
(&) = ﬂ o

ECAH
of a o-algebra

Thus, a subset A belongs to o(&) if and only if this subset A belongs to every o-algebra
containing &.
Clearly, every subset A € & belongs to o (&), too.
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The notion of the s-algebra generated by a family &.

Proposition 8.
For any given, non-empty family & of subsets of a universe X,

o(&):= m o

ECH
o a o-algebra

is the smallest o-algebra on X containing &.

Definition 9.

1. The generator of o(&):

the non-empty family &

2. The o-algebra generated by &

o(&) = ﬂ 4/, i.e. the smallest o-algebra on X containing &.

ECAH
of a o-algebra

The notion of a measure

Definition 10.
Given: a o-algebra </ on a universe X
we say: i is a measure on &7 iff:
/4 1S @ mapping

e —0,+00], A~ u(A)
with the following properties
1. u(@)=0;

2. For any sequence {A, },/> of pairwise disjoint subsets in o7,

we have
+oo +o0
1% (U An) = Z/}“(An)v
n=1 n=1

i.e. p is o-additive.
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Remark 11.

o (A, is interpreted as

n=

e [f one of the numbers 1(A,) is equal to +o0o, the sum
being 4.

e [fthe sum Z:j w(Ay) diverges, this sum is interpreted as being +oc.
Remark 12. Every measure is additive, foo, i.e.
A Be g withANB =2 = u(AYB) = pu(A) + u(B)

(with (4+00) + a = +00, aso.) In order to see this, take A; := A, Ay := B, A, = S forn > 2
in the definition of the o-additivity!

The notion of measure space

Definition 13.
If <7 is a o-algebra on the universe X, and if  is a measure on 7, the triple (X, o7, i)
is called a measure space.

Examples of measures

Example 14.
On any given measurable space (X, «7) we fix an element a € X, and we consider the
corresponding Dirac-measure y : o/ — [0, +oc| defined by

1 ,ifacA
ey r—{

0 , otherwise.

Example 15.
On any given measurable space (X,.o/) we can consider the measure p : & —
[0, +00] defined by

|A| i.e. the number of elements in the set A , if A is finite

+00 , otherwise.

p(A) = [A] = {

We will use this measure on universes like N or Z. On the universe R, this measure
does not generalize the concept of length.
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Constructing measures is far to be trivial

The question, how to define a measure on a o-algebra that contains “usual subsets” as
rectangles cannot be solved in an easy way as in the above examples. The construction of
such measures is in fact, as we will see, “far to be trivial”.

The notion of intervals in R?

Definition 16.
aq bl
For given vectors a = : and b = : eRP(p=1,2,3,...) we put
ap by
1. a < biff:
Vk:1,2,...,p, ap < by
2. a < biff:

Vk:1,2,...,p, akgbk

3. open interval ]a, b[:

la, b= {z eRP : ap <z <bp : k=1,2,...,p} ,ifa<b
T %] , otherwise

]ab]’: {xE]Rp:ak<xk§bk:k:1,2,...,p} ,ifa <b
T %] , otherwise

10



1.1. Measurable sets and measures

5. closed interval [a, b]:

o] o 1 EE S S ¢ b= 18l Te B
o g , otherwise

Open sets in R?

Definition 17.
A subset O of R? (p = 1,2, 3,...) is called an open set iff

Vz € O,3e > 0suchthat {y e R? : ||y —z|| <e} C O.

Tp

A typical open set in R?
A typical example in R for an open set is an open interval

O =la, b| (a < b)

or a union of such intervals

+o0
O = U]ak,bk[ or O = U]ak,bk[
k=1

11



1. Measuring sets

Tp

In R, an example of such an union would be the set

> 1
0 =Jn,n+ -
n=1

—_

2 3 4 7 8

Remark that the empty set & is an open set, as well as RP.

The family of open sets

e . S
5 6

Definition 18.

We denote by 0P the collection of all open sets in R? (forp =1,2,3,...).

Proposition 19.

The family OP of open sets in RP (p =1,2,3,...) is not a o-algebra.

Proof. Consider the open sets |1,2 + [ (forn = 1,2,3...) in R. Then

“+o00

1
(]L.2+ =[=]1,2]
n
n=1
+o00
is not open. Thus, 07 is not ﬂ -stable.
n=1

A final remark on open sets

A measure that extends the notion of length, area or volume should be defined on a o-

algebra containing the family of open sets OP.

Closed sets in R?

12




1.1. Measurable sets and measures

Definition 20.
A subset F'of RP (forp =1,2,3,...)1s aclosed set iff

CF € o7, i.e. its complement is open.

Zp

Remark 21. A set A C R? can be
e open and closed at the same time: as an example take A = R;
e neither open nor closed: as an example take |1,2] in R.

Tp

a

z1

The family of closed sets

Definition 22.
We denote by .#? the collection of all closed sets in R? (forp =1,2,3,...).

Proposition 23.
The family FP of closed sets in RP (p = 1,2,3,...) is not a o-algebra.

13



1. Measuring sets

Proof. Consider the closed sets [1,2 — %] (forn=1,2,3...)in R. Then

400 1
n=1
“+00
is not closed. Thus, .Z? is not U -stable. L]
n=1

A final remark on closed sets
A measure that extends the notion of length, area or volume should be defined on a o-
algebra containing the family of open sets O as well as the family of closed sets .#?.

The family of semi-open intervals

Definition 24.

We denote by _#7 the collection of all semi-open sets of the form ]a,b] in R” ( for
p=1,2,3,...).

Remark that & € _#7.

Proposition 25.
The family #° of semi-open intervals in RP (p = 1,2,3,...) is not a o-algebra.

Proof. Consider the semi-open ]1 — £, 2] (forn = 1,2,3...) in R. Then

+00 1
Mit-=.21 =112
n=1
—+o00
is not semi-open. Thus, / P is not m -stable. L]
n=1

A final remark on semi-open intervals

The notion of length, area and volume is well-defined on semi-open intervals. Thus, a
measure that extends these notions should be defined on a o-algebra containing the family of
semi-open intervals _#* as well as the families 0% and .#".

Different generators for the o-algebra of interest
As yet mentioned, we want to extend the notion of length, area and volume of simple
geometric sets to a family Z(RP) consisting of more complex subsets of R? (p = 1,2,3,...).
The family of open sets &7 should be contained in Z(R?). Thus we define

B(R) = o(07).

14



1.1. Measurable sets and measures

Definition 26.
The o-algebra Z(RP) generated by the family of open sets €% in R? is called the
Borel-algebra.

Proposition 27.
The Borel-algebra (R?) (p = 1,2,3,...) is generated by

e the family of open sets OP,
e the family of closed sets P as well as
o the family of semi-open sets |a, b] contained in 7*.

Thus

BR") = o(0%) = o(F?) = o(F7").

The proof of these facts relies on the monotonicity of the o(-)-operator:

& Co(&) = o(&) Ca(f).

Proof. Step 1: o(0O?) = o(FP)
Since the o-algebra o(0?) is C-stable and since 0.#? = 07, we have .#? C o(0P); thus

o(FP) C o(OP).

Since the o-algebra o (.#?) is C-stable and since CO? = .#P, we have 07 C o(.#7); thus
o(O0?) C o(FP).

Thus we may conclude that o(0?) = o(.ZP) = B(RP).

Step 2: 0(0?) = o(_77)
Since any semi-open interval |a, b] with a < b can be written as

Ja, 0] :ﬁ}a,bJr%{,

we have 7P C o(0?);thus o(_#P) C o(OP).
If we can show that 07 C o(_#?), we may conclude that o(0?) C o(_#7), so that

a(J7) = a(07).

Thus it remains to show that 07 C o(_#7).

15



1. Measuring sets

Let us first recall that any open set in R” may be written as a union of open intervals:

YO e 0F, O = U Ja;, bi, where [ is finite or countable.

i€l
Any open interval |a, b[ can be written as a countable union of semi-open intervals:

o0

Ja,b[= | J]a,b - 1/n).

n=1

Hence the family of open intervals is contained in o(_#?), and the above remark implies now
that

o? Co( J7) and o(0?) Ca( F7).

1.2. How to define measures on R?

Our starting point
First of all, we construct a so-called pre-measure on _#?, i.e. a mapping

p: JP—=0,+00], A p(A)
with the following properties:
1. p(@) =0;
2. u is additive:
Ala . 7An € jp, n n
pairwise disjoint } — <U Ak) — ZM(Ak)
UZ:I Ap € /p
3. wis o-additive:
{ArHZin 27, o0 >
pairwise disjoint % — (U Ak) — ZM(Ak)
Uiy Ak € 77
Forp =1,2,3,..., we can define a pre-measure by

p(la, b)) = (by —ay) - (bp —ag) -+ - (b, — ay) (for all a < b).

This is the usual length, area or volume.

16



1.2. How to define measures on R?

b2
w by — a2
ag .

_
by —ay

ai by

Definition 28.
We call this pre-measure the Lebesgue-pre-measure.

For p = 1, we may consider a function f : R — R that is

e Monotonically non-decreasing (we denote this by f 7):

v.%’l,l'g - R, T < T9g — f($1) < f(.TQ)

e Right-continuous:
V¢ € R, lim f(x) = f(£).

r—Et

(As an example one may take f(x) = z.) Then

pr(Ja, b)) = f(b) — fla)  fora<b

is a pre-measure on 7'

<

wu(la, b))

T
/{ a

Definition 29.
We call this measure a Stieltjes-Lebesgue-pre-measure.

Remark 30. Remark that for f(x) = x, this measure is in fact the Lebesgue-pre-measure
p(la, b)) =b—a (fora <b).

Remark 31. The fact that the above defined (Stieltjes-)-Lebesgue-pre-measures are positive
and additive can be proven in an easy way.

The proof of the o-additivity is rather technical: for p = 1, this proof heavily relies on the
right-continuity of the generating function f and on the Heine-Borel Lemma.
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1. Measuring sets

First step: extension by additivity
We consider the family % consisting of finite unions of semi-open intervals |a, b]. Thus,
any element of % is of the form

A= U Ay , where m is a natural number and A, € _#ZP(k=1,2,...,m).
k=1

Clearly 77 C %.
Moreover, any such element can be written as a disjoint union of semi-open intervals be-

longing to _#7:
A= U By, , where n is a natural number and B, € _#¥(k=1,2,...,n).
k=1

This can be illustrated in the following way:

T2

For each subset A € # written as a disjoint union (-J,_, By, of element B, € _#? we put

n

ﬂ(U By) = ZM(Bk)-

We obtain in this way an extension of p to %. Remark that the term extension means the
following
VAE £, (A) = l(AUD) = p(A) + u(@) = p(A),

Moreover, the definition of /i does not depend on the chosen disjoint union, i.e.

UZ:1 A = UT:l B; n m
Ay, Bj€ g7 = u(A) =D B
k=1

(k=1,....,n,5=1,...,m) =1

This can be illustrated in the following way

18



1.2. How to define measures on R?

A A
Al A, | B |

The proof relies on the above illustration:

w(Ax) = p (U(AkﬁBj)> = (AN By)

j=1 j=1
> oA = )Y u(An B;)
k=1 k=1 j=1
= =Y uBy)
j=1
Proposition 32.

The above extension
g% — [0,+0], A~ a(A)

is a pre-measure on %. Thus
+ .
{A 2] in Z,

pairwise disjoint § — <U Ak> = Zﬁ(Ak)
Ul?;l A, e Z = =

Second step: the external measure
We put, VA C R,

u*(A):inf{iﬁ(An) A eXAC DA”}

n=1

(this sum can be finite by choosing A,, = @ for all except a finite number of elements A,,).

2
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1. Measuring sets

Definition 33.
This approximation from outside is called an external measure.

The main property of an external measure is that, in general, it is not a measure! We have

Proposition 34.
o 1*(@) =0;
e AC B— ii"(A) < u*(B);

w(Ursy 4n) < 3002 w¥(An);

o (" is an extension of ji, i.e. A€ P = p*(A) = p(A);

But in general, |i* is not even additive (and thus not o-additive)!

Third and last step: good sub-dividers
In a third and last step, we call a subset A C R? y*-measurable or a good sub-divider with
respect to i~ if

VQCRY,  pf(Q) =p(QNA)+ " (QNCA).

We collect all ;1*-measurable sets (the good sub-dividers) in a family:
Ay ={ACR : 17(Q) = p"(QNA) + " (QNCA), vQC R’}

and we put
a(A) = p*(A), VA € @),

It turns out that <7, is a o-algebra containing _#* and that /i is a measure!

Proposition 35.

1. ), is a o-algebra containing #*; hence

B(RP) C o,
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1.2. How to define measures on R?

2. fi: 4, — [0,+00] is a measure extending the pre-measure (i

V]CL, b] S /p) ﬂ(]a,b]) = N(]a7b])'

Definition 36.
If the starting pre-measure j is the Lebesgue-pre-measure

p
H by —ag) = (by —ay)----- (b, — ap), foralla < b € R?,
k=1

we denote the so obtained o-algebra .7, by .£” and the so obtained measure /i by \P.
If p = 1 we may replace .Z! by .Z and \! by \.
The measure N’ is called the Lebesgue-measure on R?.
If the starting pre-measure is a Stieltjes-Lebesgue-pre-measure yi ¢, the extensions /i
are called Stieltjes-Lebesgue-measures on R.

Remark 37. Two questions remain open:
1. Is the extension ji of 1 unique?
2. How much bigger than B (RP) is <7, (resp £7)?

We will address the second question later. Concerning the first question, we can give the
following result.

Proposition 38.
The extension of the pre-measure

pi FP = [0,400], a0 = p(]a, bl)

to the measure
ity [0,400], A y(A)

is unique if the starting pre-measure |1 is o-finite, i.e. if

HE L} in _#7P such that RP = U E, and p(E,) < oo for all n.

n=1
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1. Measuring sets

Corollary 39.
The extension of the Lebesgue-pre-measure

n

I /p - [07 +OO], ]a’ab] = :u(]a’v b]) = H(bk - ak)

to the Lebesgue-measure
AP LP — [0,4+00], A AP(A)

is unique.

Corollary 40.
The extension of a Stieltjes-Lebesgue-pre-measure

pp: FP = 10,400, la,b] = p(la,b]) = f(b) — f(a)
(for example p(]a,b]) = f(b) — f(a) if p = 1) to the Stieltjes-Lebesgue-measure

i oy = [0,400], A i(A)

is unique.

1.3. Properties of measures

Monotonicity of measures

Proposition 41.

Hyp  p: o — [0,+00] a measure defined on a c-algebra <.
Concl v is monotonous: for all Ay, Ay € o,

Al C AQ — ,U(Al) < IU(AQ)

Proof. We can write

A2:A1U(A2\A1) WithAQ\Aled.
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1.3. Properties of measures

Thus, by additivity,
pi(Az2) = p(Ar) + p(Az \ A1) > p(Ay).

[
Subtractivity of a measure
Proposition 42.
Hyp p:o — [0, +00] a measure defined on a c-algebra < .
Concl Forall A, and A, € o,
Al C A2 -
11(A) < +o0 } = (A2 \ A1) = p(Az) — p(Ar).
Proof. This follows from
Ay =AU (A \ Ay)
and
((Az) = p(Ar) +u(Az \ Ar) Le. (A2 \ A1) = p(Az) — p(Ayr).
1
<400
[

Generalized additivity

Proposition 43.

Hyp  p: 9/ — [0, +00] a measure defined on a o-algebra <.
Concl Forall A, and Ay € o7,

p(Ar) + p(Az) = p(Ar U Ag) + (A N Az)
and hence, if (A1 N Ay) < +o0,

(A1 U Ag) = p(Ar) + p(Az) — p(A1 N As).
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1. Measuring sets

wnd

Proof. We have
p(Ar U Ag) = p(Ar\ (A1 N Az)) + p(Az)

and thus

p(A1UAz) 4+ p(ArNAy) =
= AL\ (A1 N Az)) + p(Ar N Az) + 1i(As)
= (A1) + p(As).

Continuity of measures

Proposition 44.

Hyp  p: o — [0, +00] a measure defined on a o-algebra A.

A, C A, forn=1,23,...and we write A, /) we have

nh—>nolo /“L(An) = [ (L_JlAn> c

“+o00
n=1

Remark that the sequence {j1(A,,) is non-decreasing.

24
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1.4. How much is <7, bigger than Z(RP)?

2. w is continuous from above, i.e. for all non-increasing { A, }'>5 in < (this means
A, D Apyqforn=1,23, ... and we write A, ) with u(A;) < 400 we have

lim u(A,) =p (ﬂ An> :

n—0o0

Remark that the sequence {j1(A,)} > is non-increasing.

Tp

X1

3. w is continuous at 2, i.e. for all non-increasing { A, } 12 in < (this means A,, D
Appq forn=1,2.3,...) with u(A) < +oo and (., A, = & we have

lim p(A,) = (@) =0.

n—oo

Remark that the sequence {j1(A,)} > is non-increasing.

1.4. How much is &, bigger than
B(RP)?
The extension of a pre-measure /1 given on _#” gives a measure defined on a o-algebra .7,
P Co( FP) = BRP) C o,

Now we address the question of how much bigger the o-algebra .27, is in comparison with

the smallest o-algebra containing _#7.
We will see that, in general, <7, is bigger than o(_#?), but just by a small, useful amount:

=

o(F7) = BRY) C A, C P(R).

In order to describe the excess of .27, on o(_#7), we need two new concepts: the concept of
null-sets and that of complete measures.

Null-sets
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1. Measuring sets

Definition 45.
Given:  a measure space (X, <7, 1)
we say: A € o7 is a u-null-set iff:

Example 46.
A non-trivial example of a null-set is given in the measure space (R?, £ \?) by

A={(z,y) eR : y=1,1 <z <2}

2

Proof. Remark that A € %2, since A is an intersection of semi-open intervals:

[ee)

n=1
The claim now follows from
1
M(A)=1lim(2—-1)x (1 —(1-1/n)) = h_>m ~= 0.

n—oo

Completeness of measures
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1.4. How much is <7, bigger than Z(RP)?

Definition 47.
Given: A measure space (X, .o/, i)
we say: X is complete ift:
every subset of a p-null-set is a p-null-set, too, i.e. if

A € o with p(A) =0

B A }:>Bedandu(3):().

Remark 48. Working with a non-complete measure 1 : o/ — [0, +00| leads to counter-
intuitive situations. As an example, if A1 and A, are to subsets such that

A1 C A, p(Ar) = p(As) < +oo,
the null-set Ay \ Ay could contain a subset E with the following properties
A CAUEC Ay, u(Ay) =p(As), but (A, U E) is not defined!

Hence, it is a good idea to avoid non-complete measures.

The completeness of the Lebesgue-Stieltjes measures

Proposition 49.
The following measures are complete:

1. The Lebesgue-Stieltjes measures
Ky %/ﬁf — [0, +OO]

corresponding to a monotonically non-decreasing, right-continuous function f :
R — R

It is the smallest complete extension of the pre-measure {1y on _#'.

2. The Lebesgue measures
AP LP— [0, +o0]

forp=1,2,3,,...

They are the smallest complete extension of the pre-measure \P on _7P.
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1. Measuring sets

The starting point:
The Lebesgue-pre-measure: AP 7P — [0, 4+00]
Ja, b] = A (Ja, b]) = TTi_y (bk — )

unique extension

The Lebesgue-measure: AP P — [0, o0
A s AP(A) with B(RP) C 2P

lrestrietion

BP = N amwe) : B(RP) — [0, 4+00] is not complete (as an other intermediate restriction)

Examples of \'-null-sets

Example 50.
Let a € R be fixed and consider the singleton A := {a}. Then

1. Ae Z'since {a} =(]a— 1/n,a] and Ja — 1/n,a] € £

2. Ais a A-null-set since (by continuity from above)

+oo
1
1 ! _ — i 1Na — = lim = =
A({a}) = A (Q]a 1/n,a]) = lim X'(Ja —1/n,a]) = lim —=0.
Ja —1/3,a]
Ja —1/5,a]
la —1/7,a)
la —1/9,a]
Ja —1/11,a]
: R
A={a}
Example 51.
Let aq, as, ...a, be n different real numbers, and consider the (finite) set A :=

{ai,as,...,a,}. Then
1. Ae L since A= {a;}U{ax}U---U{a,}and {a,} € L' (fork =1,2,...,n).
2. Aisa Al-null-set since, by additivity,

n

A(A) =N (U{%}) =Y Ma}) =

k=1

0=0.
k=1
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1.4. How much is <7, bigger than Z(RP)?

Example 52.
Let aq, as, ag, ...be a sequence of different real numbers, and consider the (infinite)
set A := {aq,as,as,...}. Then

1. A e L since A = {a1}U{ax} U+ = | {as} and {a},} € £ (for k =
1,2,..)).

2. Ais a Al-null-set since, by o-additivity,
+o0 +o0 +oo
AL(A) = A\ <U{ak}) =Y M{a}) =) 0=0.
k=1 k=1 k=1

Thus for example, Q (as a countable set) is a A!-null-set:

Qe and MH(Q) = 0.

Countable unions of null-sets

Proposition 53.
H
/2 o (X, o, 1) a measure space

o {A,}F> is a sequence of p-null-sets in X.

Concl The countable union | J;._ A, is a p-null-set, too:

w(Ap) =0forn=1,2,3,... = u (UAH) =0

n=1

Proof. Put By := A, and B, := A, \ UZ;ll Ayj. Then
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1. Measuring sets
e B, € & forn =1,2,3,... and B, C A,. Thus, by monotonicity, x(B,) = 0 for
n=123...
o U2, Ay =J,_, By, so that

n=1

Almost everywhere true properties
We collect in a set £ all the points where a given property is true:

E :={z € X : this property is true at = }.

Definition 54.
We say that this property holds p-almost everywhere (or in short pi-a.e.) if and only if

3N € o withCE C N and p(N) = 0.

Remark 55. Remark that if the measure | is complete, one may take
N =CE

and we have

w(CE) = 0.

Example 56.
The function
1 ifre@Q

0 otherwise

fR=R, x— f(x) ::{
defined on the measure space (R,.%, \!) is A'-almost everywhere zero. We write
f=0 M-ae.

Indeed, we have

E:={zecR : f(x) =0} =(Q

and

M(CE)=)\(Q)=0.

Remark 57. Let us point out that

E=f"({0}) ={zeR : f(x) =0}

is a pre-image of a singleton.
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1.5. Measurable functions

1.5. Measurable functions

Pre-images of mappings
For any given mapping
X =Y zw—y:=f(x)

one may consider the pre-images
) ={r e X : fla) =y}, WyeyY
or more generally

fYB):={xeX : f(x) e B}, VB CY.

Pre-images have nice properties as

f! (U BL) = Yrtm

el el

~(ne) =
el el
f1(CB) = Cf'(B).
Thereby I may be any index setas N, Z, Q, R, C, ....
An important property of pre-images
If # is a family of subsets of Y, we put
f(#)={ [fB) :Be%B}
L 1
={zeX : f(z)eB}
Hyp  Suppose that
e A isac-algebraover Y,

e that this o-algebra is generated by &, i.e. & = o(&), and that

e f: X — Y is amapping
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1. Measuring sets

Concl We have

Pre-images under continuous functions
Consider the mapping given by

f R=R, 2z~ f(z):=2%

Then, given any open interval ]a,b[ (with a < b), we may compute the pre-image of this
interval:

b
b ® —7 7 T
One gets:

%} ,ifb <0

— Vb, Vb ,ifa<0<b

F a0 = { | |

] — Vb, VB[\{0} ,ifa=0<D
]

and we may conclude:

‘ the pre-image of an open interval is open. ‘

But every open set O in R can be written as a finite or at most countable union of open
intervals:
0= U]a“ b with a, < b,
el
where [ = {1,2,...,n} forsomen € Nor I = N.
Indeed, if {¢, : n € N} denotes all the rational numbers in O, then O can be written as a
countable union of open intervals in the following way:

o= U lananl

n,meN:gn <gm
lan,am[CO

Thus we get

770) = £~ (a b,

el open
L |
open
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1.5. Measurable functions

1.e.

the pre-image of an open set is open!

1.e.

oY co'|

Pre-images under discontinuous functions
Consider the function

1 ,ifz>0

f:R—)R,fo(a:)::{O -0,

3/2 +
y = f(=)

1/2 +

Then 13
@) ::]5, 5[ is an open set
but
f71(O) = [0,+00| is not an open set.
Thus

(oY ¢ o

A general result about the pre-image of open sets under a continuous func-
tion

Proposition S8.
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1. Measuring sets

Hyp  Consider a mapping
f: X =Y, where X andY are topological spaces.
We denote by 0(X) and O(Y") the families of open sets:
O(X):={OC X : OisopeninX}
and

OY)={0OCY : OisopeninY}

Concl Then, the mapping f is continuous, i.e.
$n—>$:>f(1'n)_)f(x)

if and only if
the pre-image of an open setin'Y is an open set in X, i.e. if and only
if
vOoe o), f1(0) e o(X),
i.e. if and only if
fHoy)) c o(X).

The notion of numeric functions

Definition 59.
Let X be a universe.
We call every mapping

f: X > R=[-00,+00], z+ f()

a numeric function.

Example 60.
So
_ 1 if 0
f R R=[—00 400,z flz) =4 T HTF
+o0o ifx=0
1s a numeric function.

Remark 61. Every function f : X — R =] — 0o, +o00|, © — f(x) can be considered as a
numeric function!
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1.5. Measurable functions

The notion of measurable (hnumeric) function

Definition 62.
Let (X, .<7) be a measurable space.

1. «/-measurable (numeric) function:

A mapping f : X — R such that

Va € R, f(a,+o0)) ={x eR : f(z) >a} €

2. o/ -measurable complex-valued function:

Amapping f : X — C,z — f(z) := (Rf)(z)+i(Sf)(z) such that
the real and the imaginary part of f

Rf,Sf:R— R

are both .27 -measurable functions.

Continuous functions are \*-measurable

Proposition 63.

Hyp  Consider a continuous function f : RP — R (p=1,2,3,...) defined
on the measure space (RP, B(RP), \P).
Concl Then this continuous function f is £P-measurable.

Proof. This follows from the fact that the pre-image of an open set by a continuous function
is open:
[ (e, +oc)) = [ (Ja, +00]) € 67 C B(RY).

L
open

Measurable functions need not to be continuous
There exist many measurable functions that are not continuous. In order to show this in an
easy way, we introduce a notation that will be useful in what follows:
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1. Measuring sets

Definition 64.
Given: A subset A of a universe X
we define: the characteristic function y 4 as:
the function

1 ifzeA
X = R, T T) =
s xal2) {0 ifz ¢ A
R
Graph of x4

Proposition 65.
A characteristic function x 4 defined on a measurable space (X, ) is <f -measurable
ifand only if A € o .

Proof. Indeed, for all o € R, the pre-images x ;" (o, +00]) are one of the following subsets:

the empty set & or A or the whole universe X .
I cof I S-4
Thus, x 4 is @7 -measurable if and only if A € 7. ]

Equivalent definitions for a function to be measurable

Proposition 66.

Hyp Let f : X — R be a (numeric) function defined on a measurable
space(X, o).

36




1.5. Measurable functions

Concl The 4 following conclusions are equivalent:

1. fis of -measurable, i.e.

Va € R, (o, +o0)) :={x €eR : f(z) >a} e .
2. Va € R, Yo, +x]) :={z eR : f(z) >a} e .
3. YVa eR, fH[-o00,a]) i ={z€R : f(z)<a} e .

4. Ya € R, [H(—0,a]):={zeR : f(z)<a}led.

Proof. We only show that the first point implies the second point. This follows from

f 7 ([, +00)) = fH([(Ja = 1/n,+00] = () £ (Jar = 1/n, +o00].
n=1 n:lI cof :
' cd '
oo — 1/3, a]
Joo — 1/5,al
Jaa —1/7,a]
Ja —1/9,a]
Jao — 1/11, a]
R
@ [a, +o]
The other implications can be proven in a similar way! [

Properties of measurable functions

Proposition 67.

Hyp o (X, o) be a measurable space and

e f and g be o/ -measurable (numeric) functions defined on X.
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1. Measuring sets

Concl

. Forall o € R, the (numeric) function

af : X =R, z (af)(z) :=a- f(z)

(with our conventions for computing in R) is o/ -measurable,
too.

. |If the sum f(x) + g(x) is defined for all x € X (with our

conventions for computing in R), the (numeric) function
frg: X =R, zw (f+9)(x):= f(z)+g(2)

is @/ -measurable, too.

. The (numeric) function

f-9g: X =R, 2 (f -9)):=f(2) g

(with our conventions for computing in R) is o/ -measurable,
too.

. The (numeric) functions

max{f,g}: X >R, @ (max{f,g})(x) = max{f(z), g(x)}
and
min{f,} : X > &, @~ (min{f,q})(z) i= min{f(z), g(x)}

(with our conventions for computing in R) is o/ -measurable,
too.

Proof. If a # 0 the first part follows from

If « =0, the sets {x € X

38

Vv € R,

I{SL’EX : f(a:)>fy/a}l ,ifa >0

{reX :a flx)>~v}= e

{reX : fx)<y/a} ,ifa<O.
el

a - f(x) > ~} are equal to either X or &, and both of these sets
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belongs to 7.
For the last part, the following argument can be used: Vy € R,

{reX : min{f(m),g(x)}<7}:|{x€X : f(:r:)<7}IUI{xEX ; g(x)<7}l.

4 co
L ]

x4

We do not give proofs for the other parts. [

The positive part and the negative part of measurable functions

Definition 68.
Let f be a (numeric) function defined on a measurable space (X, .</). Then we define:

1. the positive part f* of f as:

ff: X =R, zw fH(z):=max{0, f(z)}.

2. the negative part f~ of f as:

T X =R, z~ f(z):=max{0,—f(z)}.

Remark 69. Be careful, both [+ and f~ are non-negative functions!

Yy Yy Yy

: /\ y=—f(x) /\ N\ v =1 (x)

/s v=1*@

y = f(=)

Proposition 70.
One has
f=1r=f
and
fl=f"+f"
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1. Measuring sets

Proposition 71.

H
2/l o (X, ) be a measurable space and

o f be an o/ -measurable (numeric) function defined on X.

Concl

1. The positive part [t and the negative part [~ are < -
measurable;

2. The absolute value |f| is <7 -measurable.

Measurability is preserved by limits

Proposition 72.

Hyp  Let
o (X, ) be a measurable space and

o {1} a sequence of o/ -measurable (numeric) functions de-
fined on X.

Concl

1. The (numeric) functions f(z) = inf,en fn(x) and g(x) =
SUDpen+ fn(T) are both <f -measurable.

2. If the limit lim,,_,o, f,(x) exists (in R) for all x € X, then the
function

lim f,: X =R, =z lim f,(2)

n—oo n—oo

is o/ -measurable, too.

Proof. Concerning the first part, we may argue as follows: Va € R,

{reX : supfn(a:)>oz}:U|{x€X : fn(x)>oz}I

N*
ne et

caof
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1.5. Measurable functions

and

{reX : inf fi(z) <a}= U {eeX : fule) <a}

<4
L ]

X4

A class of simple functions
Let (X, /) be a measurable space (so that <7 is a o-algebra over X).
Suppose given, for some fixed n € {1,2,3,...},

® ay, s, ..., a, € R, not necessarily all distinct and
o Ay, Ay, ..., A, € o/, not necessarily pairwise distinct.
Then the function

fi= Zak * XAy
k=1

is @7-measurable. Remark that such a function has a finite range!
Example 73. Consider in X = R equipped with &7 = %(R) the function

f(@) = xpa() + 2 Xa(2).

Then f has a finite range: {0, 1,2, 3}.
We have

J =0 X—oa[ + 1 X2 +3 X233 T2 X34 + 0 X[4,400]-

The concept of step-function
This motivates the following definition:

Definition 74.
Let (X, .<7) be a measurable space.
A numeric function f is called a step-function or simple function if and only if

1. fis a R-valued function, i.e. f: X — R =| — 00, +00[;
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1. Measuring sets

2. fis «/-measurable and

3. the range of f is finite, i.e. of the form {f, ..., 5.}

Remark 75. Then f can be written as
f@)=> Bi-xp,,  withBy:= f({B}) € o (fork=1,2,....n).
k=1
Remark 76. Every function of the form

f= Z Ok - XAy
k=1

with Ay € o and oy, € R (for k = 1,2,...,n) is a step-function defined on the measurable
space (X, o).

The family of measurable functions
Let us introduce a notation:

Definition 77.
Let (X, <7) be a measurable space.

1. The family of measurable functions 2 (X, o7 )):

Z(X, ) ={f: X >R : fiso/,B(R)-measurable} .

2. The family of non-negative, measurable functions 2+ (X, &7)):

FHX, o) = {f e (X, o) : flz) >0, VzeX)

Z (X, o) is function space. By this we mean that

f,9e (X, o)

aeR }:>f+g,f~g,af,|f|eﬁf(x,gf).

The family of measurable numeric functions
Let us introduce a notation:
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1.5. Measurable functions

Definition 78.
Let (X, <7) be a measurable space.

1. The family of measurable, numeric functions 2 (X, <7)):

Z(X,d):={f: X >R : fis o/ ,B(R)-measurable} .

2. The family of non-negative, measurable, numeric functions ?JF(X , 2 )):

X, o) ={fe ZP(X, o) : flz) >0, VzeX)

% (X, o) is a function space. By this we mean that

f.ge Z(X, o)

aeR }:f+9>f'g,04fa|f‘€?(X,£7).

The set of simple functions as a subspace

Definition 79.
Given: (X, «7) a measurable space (so that o7 is a o-algebra over X).
we define:  the set of step-functions (or the set of simple functions) as:

J(X,o):={f: X =R : fastep-function (and hence </-measurabl¢) }
and we put

ITHX, &) ={fe T(X,) : flx) >0,Vo € X}.

Remark 80. It is easy to see that

f,ge (X, )

aeR }:>f+9>f‘9704f,|f|6<7(X,42{).

Thus, 7 (X, /) is a sub-space of the space of (numeric) functions.
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1. Measuring sets

The remarkable fact about the space .7 (X, /) is that, despite the simple structure of its
members, this space is dense in the set of all measurable numeric functions.

This is the central message of the following proposition. Before we formulate this result,
we recall that a numeric function f : X — R is

e finite if and only if
—o0 < f(x) < 400, Ve X, ie +ood f(X)
and
e f is bounded if and only if there exists some constant M €]0, +ool, such that

M < f(z) <M, VzeX.

Approximation of measurable numeric functions by step functions

Proposition 81.
Hyp o (X, o) be a measurable space (so that <f is a o-algebra over
X), let
o fEZ(X, A

Concl There exists a sequence {u,, },'>S of positive step-functions (i.e. u,, €

THX, o)) with
U, N f asn — oo

ie.

o the sequence {u,}'> is non-decreasing, i.e. —u,(z) <

Uns1(x), Vo € X andVn € {1,2,3,...};
o u,(z) < f(z), Ve € X andVn € {1,2,3,...};

o lim, , u,(z) = f(z), Vo € X.

44



1.5. Measurable functions

Moreover, if f is bounded, the convergence u, /" f is uniform, i.e.

VY given tolerance € > ()
d a threshold nq (that depends on the given ¢) such that
lun(z) — f(x)| <e, Ve Xassoonasn > ng

ie.

Y given tolerance € >
3 a threshold nq (that depends on the given <) such that

sup |un(z) — f(z)| <e, VYn > ny.
zeX

Before giving the proof, let us explore the concept of uniform convergence.
Let us suppose that f : [0,1] — R and that u,, /* f. Then we may consider the error
functions

en(x) = f(z) — un(z).

This is an illustration of a non-uniform convergence:

y = en(x)

This is an illustration of a non-uniform convergence, too:

y = en(x)

This is an illustration of a uniform convergence:
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1. Measuring sets

y = en(x)

n = 10

S = 100 n = 50
i 1

Proof. (of Proposition 81)
Put

2TL

() L Lif £ < f(z) < B forsome k € {0,1,2,...,2"" — 1}
U () = _
2" it 2" < f(x)

Then {u, },/> is a non-decreasing sequence of positive step-functions.

o If f(z) < +oo, there exists some N such that f(z) < 2" forn > N. Thus, forn > N,
we have
0< f(z) —up(z) < 1/2".
o If f(z) = +o00, we have u,(z) = 2"

In both cases, we have lim,, o, u,(x) = f(x) for all x € R.
If f is bounded, this convergence is uniform since

sup | f(x) —up(x)] <1/2" =0 as n — 00.
T€R

lllustration of the above proof
The above proof relies on induction, where each step consists of two parts:

1. increasing the range by 1 and

2. subdivide this range by a factor 2.

30 / 30
/

25f / 25f

L S [ S
20 P 20 P
P
15[ 15[ A
/ /
10f wf
05} /— 05[ /—

00 05 10 15 20 00 05 10 15 20
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1.5. Measurable functions

30p , 30p —
/ /
25F 25} A~
- -~
20} e 20f -
15 . 15 A
ya [
wf [ wf /£
/ /
r r
O5F /- O5F /-
00 05 10 15 20 00 05 10 15 20
30 / 30 r
e e
25 ya 25 f
___— ey
20 B 20 B e~

Extension to measurable numeric functions that are bounded from below

Proposition 82.

Hyp  Suppose that
e (X, ) is a measurable space and that
o fCZ(X, A).

Concl If f is bounded from below, then

Hu, 2 in T(X, ) withu, 7 f.

Proof. There exists some M € R with f(z) > M, Vz € X. Then f(z) — M € Z (X, &):;
thus
v, 115 in T7(X, &) with v, N f — M.
If we put u,, := v, + M we get a sequence of (not necessarily non-negative) step functions
{u, } 29 with
Uy =V + M N f.
——
€T (X, o)

47



1.

Measuring sets

The density of .7 (X, ) in Z(X, o)

Any (numeric) function f € Z°(X,.</) can be written as

f=f"—f, ,where ft,f € Z (X,o).

Hence, there exist non-decreasing sequences

{un 3125 and {v, }.15 in 7YX, o)

n=1

with

u, S fT and v, SfT

Remark that u,, — v, € 7 (X, &) and that

lim (u, —v,) = fr —f~ =f.

n—oo

Proposition 83.

Hyp feZ(X, o)
Concl Then there exists a sequence {w, }.1>5 of step functions with

lim w, = f.
n—oo

Remark, however, that this sequence may be non-monotonous.

48




2
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2. Integrating measurable functions

Our aim is to give a (new) definition of the integral in such a way that

1. the new definition | « J du contains (if possible) the old definition of the Riemannian
Integral (R)- [ f dx;

2. we will be able to integrate some functions like
1 ,ifze@Q
fx) = .
0 ,ifzeR\Q
whose Riemannian integral does not exist.

3. we have powerful theorems around exchanging limits and integrals like

/ ( lim fn) dp = lim fn du
X n—oo n—oo X
involving weak hypothesis around the kind of convergence for the sequence { f,, },:55.

Remark 84. For Riemannian integrals, hypothesis for point 3| above are rather strong like
“‘uniform convergence of the continuous functions f,,” if X is a bounded interval.

Remark 85. We will achieve point above as long as X = [a,b] is a finite interval, but we
will fail for intervals including +oo and/or —c.

Remark 86. Points|2|and [3|are related as we can see it in the following example.

Example 87.
Consider the countable set

@ﬂ [O, 1] = {7’1,7’2,7“3, .. }

and the sequence of functions { f,,}.1>] given by

1 ,forz € {7“1,7’2,7“3,---,7%}

fn:[0,1] = R, $|—>fn(x):{

0 ,elsewhere.

Clearly, (R)- fol fn(x) dx = 0, since the lower sums are equal to 0, and since the upper
sums can be made arbitrary small (remember, that the set {ry, r,...r,} is finite, so all
points 71, 79, ..., T, are isolated).

Yy

1 + o

Tk

e/n
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2.1. Integration of step functions

So lim,,_,o (R)- fol fn(x) dz = 0. On the other hand,

1, (@) =

1 ,ifzeQnlo,1]
0 ,elsewhere
so (R)- fol(limnﬁoo fn(x)) dz does not exist: the lower sums are equal to 0, whereas the
upper sums all equal 1.
Hence, we cannot have

1
(R)- / (lim f,(z)) de = lim (R)- [ f.(x) dx
n—oo n—oo 0

2.1. Integration of step functions

Integration of a measurable characteristic function

Let us consider a measure space (X, o7, i), where <7 is a o-algebra over X and where p is
a measure defined on 7.

In order to define the integral

/ XA di, where A € &7,
X

we look at the special case where

X =R, A=]la,b], p=A\(Lebesgue measure)

-

Y = X[a,p] (@)

a b @ (R)_fj;OXA de =b—a= N([a,b])

Thus we put

/XXA(:L“) du(z) = /XXA dp=p(d), VAed.

Moreover, still by analogy with what happens for the ‘Riemannian’ case, we put

/oz-XA(x) d,u(:zc):/ozXA dp = au(A), VA € o/ Va eR
X X

1.e.

/ow;m(x) du(x)—a~/XA(x) dp(x) or in short /aXA du-ow/;m du
X X X X
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2. Integrating measurable functions

The integral of a step function: definition imposed by linearity

It would be nice, if our ‘new’ integral would be linear, in analogy to the ‘Riemannian’ case,
again!

Thus we put

Jx (@ xa(z) + 8- x5(x)) du(z) = [y xadup+B [y xp du
= apu(A) + Bu(B)

VA,Be o/, Va,B8€cR.

But this rises the question whether or not the sum
ap(A) + fu(B)
depends of the chosen form
f(z) = a-xalz) + 8- xs(z)

for the function f we integrate.
So we are confronted to the following question:

a1 x4, (T) + a2 xa, () = B X, (%) + B2 - X, (2) =
= ayfi(Ar) + agp(Ag) = Srpu(Br) + Bap(Ba) 7

The integral of a step function: validation of the definition imposed by linear-

ity
Fortunately, the result aiu(A) + Su(B) does not depend on the representation chosen for
the function ax 4 + BxB-

Example 88.
In (R, B(R), \'), we consider a step function f with two different representations:

fl@) = 2-xue@) + xpe(®) +2- xp4(0)
= 2-Xu(x) +5- X34 (2) + 3 Xja6 ().

Then [, f dA' does not depend on the chosen representation:

2-AN([1,6]) +1-AY([3,6]) +2- AY([3,4]) = 15
N—— N—— N——

2-)\1([:1,3[)+5-)\1([:3,4])+3-)\1(}:4,6]) = 15.

The following picture gives a deeper insight into the above example:
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2.1. Integration of step functions

1 6 1 6

This is a general result:

Proposition 89.

Hyp  Suppose that on the measure space (X, </, i) the step function

f=Y ar-xa € T(X )

k=1

with Ay, € of for k = 1,2,...,n has another representation

f225j'XBj, where B; € &/ for j =1,2,...,m.
j=1

Concl

> awi(A) = 3 Bin(B;).

The integral of a step function: final version
Thus the following definition makes sense:
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2. Integrating measurable functions

Definition 90.
Given: the step function

f:z:ozk-x,q,c € (X, o)
k=1

(with Ay, € o7, oy, € R), where (X, o7, 1) is a measure space.
we define: the p-integral of f over X (in the sense of Lebesgue) as:

Lf@zéﬂ@@@ziﬁwmw

Integrals and expectation value

Example 91.
Consider the space

X = {0,907, 63 ) B} with of = P (X)) as o-algebra,

and a probability
A
P: 2(X)—[0,1], P(A) = %

Thus, for example,

| =

PUE.EN = =

(SN

We introduce now a random variable f € .7 (X, <) called ‘number of points’ via

fl@) = 1-xm(@) +2- xm@) + 3 - xge) +
+4 - xg(@) + 5 x@(z) + 6 - xgg(2)-

Then

/deP’ @) 12 p(E) 43 (@) +

4 p(E) +5 - n(®) +6 - u(B)
1+24+3+4+5+6 7

6 2

Thus we see that

/ f dP = expectation value E(f) of f
X

54




2.1. Integration of step functions

X ={,0,6,6,&,6} / R
o = P(x)
P
[0,1] Jx fdP

Fundamental properties of the integral
The fundamental properties of an integral are

o the right gauge: [, x4 du = p(A),
e linearity and
e monotonicity.

The integral just defined is a mapping

/X-d,u:ﬁ(X,m%)%]R, fr—>/deu

exhibiting these three fundamental properties:

Proposition 92.

o gauge: [, xadu=pu(A),VAe o.
e linearity: Va € R, Vf, g€ (X, o),

/X (@f(z) + 9(=)) du(z) = a /X £(z) dulz) + /X 9(z) d(z).
e Monotonicity: Vf,g € (X, o) with f(z) < g(z), Vz € X,

/X f(@) du(z) < /X 9(x) dpu(@),

i.e. inequalities can be integrated.
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2. Integrating measurable functions

Proof. The only point that needs a proof is the last point. We have

/X o(@) dulx) = / F@) + (g - H)| du()

€T+H(X, o)

= [ @) dut) + /X 9(z) — f(2)] du(z)

X

-~

>0

> /X f(z) du().

2.2. The integral of positive,
measurable numeric functions

Integral of a positive, measurable numeric function: definition imposed by
monotonicity
Let us consider a positive, numeric function f € ?JF(X , /), and let us try to define

| fan

If we use a monotonicity argument, we can proceed as follows:

e choose a non-decreasing sequence {u,}>] in (X, o) with u,, / f; such a se-
quence exists by approximation (see above)!

e Put

Jo du= fo gt dute) = f

integral of a step function

Integral of a positive, measurable numeric function: an important question
about the above definition

However, there remains an open question:

Is the limit

lim Uy dp

n—0o0 X

the same for all possible choices of approximating sequences {u,}' > in T (X, o) with

un S f?

It can be shown that the answer is YES:
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2.2. The integral of positive functions

Proposition 93.
The limit

lim Up, dit

n—oo X

does not depend on the specific choice of the approximating sequences {u,}1> in the

n=1
family 7 (X, o) with u,, / f.

Integral of a positive, measurable numeric function: the final definition

Definition 94.
Forany f € Z+(X, /) we put

/X i = /X f(@) du(@) = Tim [ wn(z) du(a)

n—o0 X

where {u,} ] is any non-decreasing sequence in .7 (X, .o/) with

u, N f (as n — o00)

and where the integrals
[ o) dita)
b's

are defined as integrals of simple functions.

Remark 95. It is important to insist on the fact that the above limit

lim [ w,(z) du(z) € [0, +o0].

n—oo X
Thus, the value of the integral may take the value +o0!

The following sequence of figures illustrate the above limit process. Due to the ‘horizontal’
cuts, the convergence is quick.

From a numerical point of view however, such an approximation process could be expen-
sive!!
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2. Integrating measurable functions

L L L L
0.0 05 10 15 20

Example 96.
Consider the function f : R — R given by

1 ,ifzeQ
0 ,elsewhere

ﬂ@zxd@Z{

defined on the measure space (R, B(R), \!).
LetQ = {ry, s, ...} and consider the non-decreasing sequence {u, } in 7 (R, B(R))
given by

(2) 1 ,forxz € {r,re,. ..., 0}
Up () =
0 ,elsewhere.

Then

e u, ~ f(asn — oo) and

Thus

/RX@(m) d\'(z) = 0.

Remark that the above integral does not exist as a Riemannian integral!
But we can do even more!
Consider the numeric function g : R — R given by

+oo Lifze@Q
0 , elsewhere.

mw=+wwmw:{
Consider the non-decreasing sequence {u, }> in 7 (R, Z(R) given by

forz € {ry,ra,. ...
() = {n orx € {ry,ry T}

o , elsewhere.
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2.2. The integral of positive functions

Then
e u, /' f(asn — oo0)and

]gzuxaﬁ d\'(z) =D n-M({r}) =0.

Thus

/R+oo xo(z) d\'(x) = 0.

Remark that
/ +00 - xo(r) d\'(z) = +o0 - / xo(z) d\'(x)
R R

at least in the present case: this is some reinforced homogeneity.

Integral of a positive, measurable numeric function: the fundamental proper-
ties
What we have got is the integral as a mapping

/ ~du:§+(X,ﬂ) — [0, 4+00]

exhibiting the following version of modified fundamental properties:
o the right gauge: [, x4 du = p(A),
e linearity as long as the scalars belong to [0, 400 and
e monotonicity.

With more details we have

Proposition 97.
e gauge: [, x4 du= pu(A), VA e o.

e additivity and strong homogeneity: Vo € [0, 400, Vf, g € ?WX , ),

/X (f(@) + g()) du(z) = /X #() du(z) + /X o(z) du(z).

Awa:wAfm

and
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2. Integrating measurable functions
e Monotonicity: V[, g € ?WX, o) with f(z) < g(x), Vo € X,

[ 1@ tuw) < [ o0) auta).

Remark 98. In the above proposition, one must use our conventions

(+00) + (+00) = 400, 0-(+00) =0,

A final result

Proposition 99.
Forany f € ?JF(X, /) we have

/fd,uzO(z)u({f>0}) = 0ie {f > 0} is a p-null-set.
b

Remark 100. Be careful, the hypothesis that f is non-negative cannot be dropped!

We will only prove that

u({f>0})>0=>/ Fdu>0.
X
The proof relies on the measurable sets
1
A={f>0} and An::{f>ﬁ} (ne{l,2,3,...)

where A,, 7 A and lim,, . u(A,) = pu(A) > 0.

Proof. lim,,_,o p(A,) = p(A) > 0 implies that there exists some 7 such that
f1(Ang) > 0.

. 1 . . .
Since f > o XAn,» We get by monotonicity of the integral

1 1
[ fanz [ o, du= (A >0
X x Mo No
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2.3. The integrals of measurable numeric functions

3
Sk

1 y = f(x)

A g = L 2) T
no v=Exan, @

2.3. The integrals of measurable
numeric functions

Integrals and quasi-integrals
Recall that any f € Z°(X, .o/) can be written as

f=fT—f, where f*,f e Z (X, ).

Thus the following definitions make sense:

Definition 101. o
Given: the numeric function f € Z(X, o)
we say: the function f is p-integrable over X iff:

/ frdu < +oo and / [~ dp < +o0.
X X

We put then
| raw= [ du= [ du
X X X

and we remark that [, f du € R.
This integral is called the Lebesgue integral of f over X.
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2. Integrating measurable functions

Definition 102. L
Given: the numeric function f € (X, o)
we say: f is u-quasi-integrable over X iff:

/f+du<+oo or /f_d,u<+oo.
X X

We put then
[ faw= [ rrau- [ rau
X X X

Remark that if the result | « J dp gives+oo or —oo, the function f is
not p-integrable but only p-quasi-integrable over X!

Remark 103. Remark that any numeric function f € ?WX , <) is u-quasi-integrable, since
in this case

/Xerdu:/deuE[O,—{—oo] and /Xf_d,u:().

Other formulations for integrability

Proposition 104.
Forany f € Z(X, ), the following three statements are equivalent:

1. fis p-integrable over X;

2. fT and f~ are both u-integrable over X ;

3. | f| is p-integrable over X.

Proof. e point[I] <= point 2} clear!
e point2]=> point[3} follows from |f| = f+ + f~.
e point 3] = point[2} follows from f*, f~ <|f|.
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2.3. The integrals of measurable numeric functions

Definition 105.
Given: A measurable space (X, &7, 1)
we define:  The space of integrable (numeric) functions as:

Lot )= {1 e Fxet) [ 1] duto) < o0

Integrable numeric functions are almost everywhere finite

Proposition 106.
For a given f € LY (X, o, i) we have

,u(:{x eX : f(x) = :I:oo}J) =0,

{Ifl=+o0}

ie. {|f| = +oo} is a null-set.

Proof. Put
A={ze X : |f(x)] = +oo}.
Then
+oo - xal@) < |f(z), VzeX
SO
400 p(A) < [ 1f(0)] dua) < +cx.
X
Thus p(A) = 0. O

Integral of measurable numeric functions: the fundamental properties
The integral as a mapping

/ cdp s LNX, A p) — R
b's
has the following fundamental properties:

o the right gauge: [, x4 du = p(A),

e linearity and

e monotonicity.

With more details we have

63



2. Integrating measurable functions

Proposition 107.

o gauge: [, x4 du = pu(A), VA e o.
e linearity: Vo € R, Vf, g € LY X, o, ),

/X (af(z) + g()) du(z) =a- /X #() du(z) + /X o(2) du().
e Monotonicity: Vf,g € LY X, o, u) with f(z) < g(x), Vr € X,

/X f(@) du(w) < /X 9(x) dp(z).

Remark 108. In the above proposition, one must use our conventions
(+00) + (+00) = +00, 0 (+00) =0,
Remark 109. The proof of the second point is not straight forward, since

(f + g)Jr is not necessarily equal to ft+gq".

2.4. Integrals over measurable sets

Definition 110.

Given:
SV e a measure space (X, .o, ) and a measurable subset Y C X

e a yu-integrable numeric function
f: X =R

we define: the integral of f over Y as:

/Y F(2) dplz) = /X xv (@) - £(@) du(z).

Remark 111. Ifthe function f is not given all over X, on can extend this function (for example
by 0). The key property we need is that,

xy - f€Z(X, o).
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2.4. Integrals over measurable sets

Lebesgue-Stieltjes integrals over intervals

Example 112.

Consider now the special case where X = R and &/ = ZA(R).

Suppose that the Lebesgue-Stieljes measure j is given by a right-continuous, non-
decreasing function g, that is continuous at a and b (with a < b); thus u({a}) = u({b}) =
0.

Then we put

[ s it = [ g (= [ st o =)

la,b
and
b
a

[t duta) == [ @) dut),

Lebesgue integrals over intervals

Example 113.
If, in the above example, the measure ;. is the Lebesgue measure \!, then

/a bf (z) dA\'(z) == (z) dA\!(z) <: () d\ () = )

[a,b] Ja,b]

and

/b @) () = — / ) V).

’Almost nowhere change’ result in preservation of the integral
It turns out that the Lebesgue integral [ « [ dp is insensitive to changes made on the inte-
grated function f as long as

e these changes preserve the measurability of the function and as long as
e these changes occur on a ‘small’ set of points x.
As a typical example, consider the following case:

Example 114.
For

Fa) = {1 JifzeQ

0 ,elsewhere

we have [, f(z) dA\!'(z) = 0.
If we modify this function f on the ‘small’ set Q in such a way that we obtain the

65



2. Integrating measurable functions

function

we have

[ f@ @) = [ gta) ix'a) <o

Almost everywhere inequalities can be integrated over any subset...

Proposition 115.

Hyp  f,g€ LY X, o, ) are such that

Concl Forany A € o/, we have

| 1@ duta) < [ gla) duto)

Almost everywhere equalities can be integrated over any subset...

Proposition 116.

Hyp  f,g€ LY (X, o, ) are such that

Concl Forany A € o/, we have

| 1@ duta) = [ g(a) duto)

2.5. Series as integrals

Throughout this section, we choose
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2.5. Series as integrals

e X=1{0,1,2,3,...} = Ny;
o o .= P (Ny) and
e i(A) =|A| (number of elements).

Then
(N()? ;@(No), M)

1S a measure Space.

What is a numeric function in this case?
A numeric function is a mapping

f No—=Rn— f,.

Thus, a numeric function is a sequence fy, f1, fo, . .. (Where values of o0 are allowed!).
Remark that (numeric) functions are, in the present case, all measurable: this is due to the
fact that the o-algebra contains all subsets of Nj.

How can a non-negative nhumeric function (i.e. a “sequence”) be approximated
by a simple function?
So let us consider a non-negative (numeric) function

f Ng—=Rn— f, with f,, > 0.
If we set, form € {1,2,3,...},

min{ f,,n} ,ifn<m

0 , elsewhere

n

g™ Ny = R,n s g™ .= {

then, the sequence of simple functions ¢(™ is non-decreasing with

g™ St

What is the integral of a non-negative function (i.e. “sequence”)?

Now .
/N ™ du(n) Zg ) = 30 = 3 min{f ).
0 n=0 n=0

Taking the limit m — oo, we obtam

, if In € Ny with f,, = +o0
fr dp(n Zn—l "
No My yoo D oo fn » else.
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2. Integrating measurable functions

The meaning of integrable
Thus we get

Proposition 117.
A (numeric) function
fiNg =R nw— f,.

is integrable if and only if
1. this function takes only real values (i.e. this mapping is only a function) and
2. the series

> fa
n=0

converges absolutely, i.e. Y~ | f,| < +oc.

Conclusion

Proposition 118.
A (numeric) function
f Ng—=>Rnw— f,.

is integrable if and only if the corresponding series is absolutely convergent i.e. if and

only if S5y [ ful < 450,
If this condition if satisfied, we have

+oo
fa du(n) =) fa-
n=0

No

Proof. For absolutely convergent series, one may change the order of summation. Thus

fn dp(n) = fodp(n) — [ f du(n)
No No No

_ f:max{fn, 0} — imaX{—fm 0}
n=0 n=0

+o0
= 2 fn
n=0
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2.6. Comparing integral concepts

Example 119.
The function

fZNO—>R,TL'—>nt

is not integrable, but it is quasi-integrable with

The ‘alternating’ function g : Ny — R with g, :
even if the limit

(=1)™ - L is thus not integrable,

o0

n 1 . — n 1
2Dy =tm y 0

exists (conditional convergence of the series!).

2.6. Comparing the Lebesgue

integral and the Riemannian
one

The settings of the problem
Let us consider a continuous function defined on a closed interval:
fila,b] = R,z — f(z).

If we extend f by 0 outside of the closed interval [a, b], we get a measurable function defined
all over the real line; we denote this function by f again.

We can compute the integral of f over the closed interval [a, b] in two ways:
1. as a Riemannian integral (R)- [ f(z) dz and
2. as a Legesgue integral [, , f(z) dA'(2).

Our aim: comparing these two integrals

In order to compare these two integrals, we define two new functions:

1. For z € [a, b], we put

F)= [ £(€) dN() = / Nl (€) - F(€) AN ().

[a,z]
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2. Integrating measurable functions
2. For x € [a,b] again, we put

G(x) == R)- / ") de.

Remark that

The derivative of ¢

By the main theorem of the differential and integral calculus, we know that GG has a deriva-
tive on [a, b] (with one-sided derivatives on the border):

The derivative of I
For h > 0 and small, we have

Flz+h)— F(z) = / N (€) - F(€) AN (€) -
- /R Nl (€) - F(€) AN (€)
— /R N (€) - F(€) N ().

Note that we have used the fact that \'({z}) = 0.
We remark that

h- f(x) = f(z)- / Xiza+h (§) AN (€) = / F(@) - Xjoasn) (§) AN (E)
R R
Moreover, given a tolerance ¢ > (, we can determine a threshold 6 > 0 in such a way that

(&) = [(@)] <&, V€ € [z, x + 4.

Putting these remarks together, we get, as long as 0 < h < 4,

Fla+h) - F(z)—h- f(z) = / () = F(2)) - Xowerg () A} (€)
Fz+h)— F(z)—h- [(z)] < /le

(&) = F(@)] Xpwwrn (€) AN (E)
<e
e-h
F(z+h)— F(x)
Pl

< € Jif0 < h < 6.
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2.6. Comparing integral concepts

A similar computation shows that

F(x —h) — F(x)
—h

—flz)| <e ,if0 < h < 4.

Thus we get

Hence we may conclude that

F(z) = G(x) (z € [a, b]).

For continuous functions, the Riemannian and the Lebesgue integral coincide

Proposition 120.
Let f : [a,b] — R be a continuous function.

Then
/ F(z) A (z) = (R)- / 1o

Remark 121. Thus, for continuous functions over a closed interval, all the integration tech-
niques developed for the Riemannian integral remain valid for the Lebesgue integral.

An important final remark
The above result is valid for integrals over a bounded interval.
As we will see later, for integrals like

—+00

f(@) dX'(z)

a

the above result that the Riemannian and the Lebesgue integral coincide remains valid, if the
continuous function f is absolutely integrable, i.e. if

+oo
(R)- / x)| dx < +o0.

If the convergence of the integral
+oo
(R)- f(z) dx

a

is only conditional, the notions of Riemann and Legesgue may be different!
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3. Convergence theorems

The aim of this chapter
The aim of this chapter is to give simple or weak conditions under which we have

/X,}EEO Jol@) dplw) = lim | fu(x) dp(z).

Remark that ‘uniform convergence’ is not enough in order to exchange the order of integrals
and limits, even if we assume that all functions f, are continuous. The following example
illustrates this.

Jx imy oo fo(2) dp(z) # limysoc [ fu(z) du(z) is possible

Example 122.
Consider the sequence of functions { f,,} 7> given by

0 ,if n €] —oo,n — 1]
1 ifn <z <2

fo i RS Rze folz) = /n NS LS A
0 ,if [2n + 1, +o00]

linear , elsewhere.

1/n {» / ‘\ v = fn(2)
| "L 1 n 2;1 2n'+ 1
We have .
ﬁX[m?n](m) < fulz) < EX[TL—I,Qn—i—l} (), Vo € R.
Thus ,
= / fulw) dN(z) < 2
R n
so that
1 _
nll_{lgo an(m) AM(z)=1
On the other hand,

uniformly and
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3.1. Monotone convergence

Thus we may conclude that

/R i f, () a (@) # Jim [ f(z) aN'(@)

n—o0 n—0o0

for the present case.

3.1. Monotone convergence

Monotone convergence theorem by B. Levi in 1906

Theorem 123.

Hyp  Consider a sequence of numeric functions { f,(x)}'25 in 7 (X, )
and suppose that

o fu(x) > 0 p-a.e. and that

e this sequence converges in a non-decreasing way:
fu(z) A/ lim f,(2).
n—oo

Concl Limits and integration can be interchanged:

i [ fo(e) dua) = [ lim £, (o) dta)

n—oo

Remark 124. Remark that in the above theorem

i [ fo(e) duta) = /X lim f,(x) du(z) = +o0

n=00
is possible
Remark 125. In short, we can say that

e positivity and

e monotonicity
are sufficient conditions to exchange the order of an integral and a limit.
Proof. First of all remark that

f(z) = lim f,(z) € Z(X, o),

n—oo
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3. Convergence theorems

so that [, f(z) du(z) = [\ lim, e fu(z) du(z) € [0, +oo] makes sense.
Step 1: We show that lim,,_, [, fu(2) du(z) < [y f(x)

We have
VeeX, YneN,  fi(z) < f(v)
so that
Vi€ N, /n dulz /f e
Thus we get

iim [ futa /f ) dua
n—oo
Step 2: We show that, Vu € J1(X, o) with u < f, we have [, u(z) du(z) <

lim,, o0 fX fn(x) du(:v)
Fix some § > 1 and consider, forn = 1,2, 3, .. ., the sets

B, ={xe X : B fulx) > u(zx)}.
Then

e B, € < since f, and u are y-measurable and since B, = {r € X : 3-f,(z)—u(x) >
0};

o Bn C Bn+1 (n = 172737)’

e B, /X asn — oosince lim, o0 8- fu(x) =5+ f(x) > - u(x) > u(x)if u(x) #0

and

o (- fu(x) > u(z) xp,(z) (forall z € X).
Thus we get, for all 5 > 1,

/X ul(z) - x, (x) du(z) < B /X ful) du(z)

and

fim [ u(e) X6, () du(w) < 8- im | f,(2) du)

n—o0 X

Making 3 — 0T, we get

fim | () - xp, () dp(e) < Jim [ fule) due)

n—oo X

If we can show that lim,,_, [ u(2) - x5, (z = [, u , we are done! This last
equality can be shown as follows We have

u(x) - xp,(r) € TH(X, o) with wu(z) xp,(z) Mulr) asn — co.
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3.1. Monotone convergence

and hence we get

i [ ule) v, (o) due) = [ ule) duta).

n—oo X

Thus we get the desired inequality
[ e dute) < [ Fute) it
X n—oo X

Step 3: We show that [ f(z) du(z) < lim, o [y fo(2) du(z)
Let us consider a sequence {uk},jz in 71(X, o) with uy, ' f as k — oo. Then

e By Step 2 we have, forallk =1,2,3, ...,

/X ur(x) du(w) < | fule) du(r);

n—oo

e Moreover
tin [ o) dute) = [ fa) du(o)
>~ Jx X

Thus we get, together with Step 1,

/f ) du( <hm/fn ) du(a /f ) du(s

This gives the claim!

[
Integration of positive series
As an important corollary we have
Corollary 126.
Consider a sequence of non-negative functions {g,(x)}.125 in 3l (X, o).
Then
/zgn due z/gn duz
Proof. Put f,(x) :=>_7_, gx(x) and apply the monotone convergence theorem. O

Double sums of positive terms

Proposition 127.
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3. Convergence theorems

Hyp  Consider {ay,} with k,n € {0,1,2,3, ...} and suppose that

agn > 0 Vk, n.

Concl The order of the sums can be interchanged.:

Proof. Recalling that integrals over (N, Z(Ny), 1) with u(A) = |A| are series, we get

SN = [ S owdu) =3 [ o duto) =3 Y an,
n=0 k=0 No =0 k=0 v No k=0 n=0

An integrability check for continuous functions

Proposition 128.
A continuous function
f:la,+oo[— R

is \-integrable if and only if

+oo
(R)/ |d33— hm (R)/|f )| dz < +o0.

Proof. For any sequence {b, }, ] with lim,_,, b, = +00 we have

/[+ @I = Jim [ v @] @

n—oo [a +OO[

b'll
= hm (R)- / x)| dx

+oo
= (R~ / r)| dx.

Application of the integrability check for continuous functions
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3.1. Monotone convergence

Example 129.
Let us show that the continuous function

[, +oo[— Rz — f(x) = sin(rz)

xr2

is M\l-integrable, i.e.
[ @10 @) = [ M) @) AN () < o
[1,400] R
In order to show this, we construct a sequence {g,(z)},>] in 7" (R, A(R)) with

F@] < galz),  VreR

and . .
/ > gnlz) d\(z) =) / gu(z) A\ (2) < +o0.
R =1 n=17R

Put

1/n? ,forz €n,n+1
onl() = / [ [
0 , elsewhere.
N
v =11
Then
e Forallx > 1,

(o] oo 1
n=1 n=1
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3. Convergence theorems

e Moreover

o oo 1
/ Z gn(z) d\(z) = Z — Xfnnt1] d\!
[1,+00] n

n=1 n=1 [1,+OO[
= 1
= ) 5 <+
n
n=1

Thus f is A'-integrable over [1, ool.

3.2. Fatou's lemma

An extension of the monotone convergence theorem: Fatou’s lemma
The example given above with

0 ,if n €] —oo,n — 1]
1 Jifn <o <2

o R=>Rz— fu(x) = /n ?n_x_ "
0 ,if [2n + 1, 400

linear , elsewhere.

shows that
/ lim f, dpu < lim / fndu
XT'L—)OO n—oo X

is possible.

Y
1/n {» y = fn(z)

T
I

t t t u
n—1 n 2n 2n+1

Fatou’s lemma below shows that an inequality in the other direction can never occur if the
functions f,, are non-negative.

Theorem 130.

Hyp  Consider a sequence of non-negative functions {f.(x)}'> in
77X, ).
Concl Then

/ liminf f,, dp < lim inf/ fndu
b's X

n—00 n—0o0
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3.3. Lebesgue’s Dominated convergence theorem

The proof of Fatou’s lemma

Proof. We put
f(z) :=liminf f,,(x) = lim inf fy(z) (x € X)

n—oo n—oo k>n
and we consider, forn = 1,2, 3, .. ., the functions
gn(x) = juf fi(2) (2 € X).

Remark that
FeEZ (X, o) and  gnla) € Z (X, o) (forn=1,23,...).

and that
gn [ asn — oo.

Thus, by the monotone convergence theorem,

[ f@dne) =t [ o) duto) = lim [t i) dute)

n—0o0 [ n—oo [y k<n

<fr(z) for k>n
L |

<fX fr(z (z) for k>n
<
2 / i) dut

IN

Jim inf /X fr(@) dp(z)

/Xliminffn(x) du(z) < liminf/an(x) du(x)

n—oo n—o0

3.3. Lebesgue’'s Dominated
convergence theorem

Lebesgue’s dominated convergence theorem

Theorem 131.
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3. Convergence theorems

Hyp et (X, o/, 1) be a measure space and suppose that { f,(x)};2 and
f(m) are in Z(X, /) and such that

o lim, , fu(z) = f(x) p-a.e. on X;
e Jdg(z) € LNX, o, ) with
|fu(@)| < g(x) p-ae. on X, Vne{1,2,3,...}.

(g is called a majoration or a majorating function.)

Concl
1. foforn € {1,2,3,...} and f belong to L (X, o , ).

2. Limit and integration can be interchanged:

/XEHL“) du(z) = lim /X ful) dp()

=f(z)

3. We have convergence in the L'-norm, i.e.

lim Ifn( ) = f(@)| du(z) = 0.

n—oo

Proof. Concerning the first point:
Since |f,.(z)| < g(z) p-ae., with g € LY(X, o, j1), we have

£(@)] < g(z) pae.  and /X 1 (@)] dp(z) < /X 9(z) du(z) < +o0

sothat f € LY (X, o, ).
Concerning the second point:
This follows from the third point since

/fn ) dua /f e

Concerning the last point:
Changing if necessary the values of the functions on null-sets, we may assume that (see the
first point!)

e fandall f, belong to Z(X, .o/, ) since
{reX : f(z) € {£oo}} and {reX : fu(x) € {xoo}}

)| < [ 1) = 1) du) 50 (0= o)
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3.4. Applications of the dominated convergence theorem

are all p-null-sets.
o Vr € X, lim, o fu(x) = f(2x).

Consider the sequence {g,}."> in Z°(X, .o/, i) given by
gn(z) = (@) + g(z) = |f(z) = fulz)], (2 €X).

Since | f(x) — fu(z)| < |f(x)|+g(x) forall z € X, we even have that g, (z) € ?WX, o).
Moreover, by our hypotheses, we have

lim gn(x) = |f(2)| +g(x)  (xe€X)

n—o0

Thus we may apply Fatou’s lemma and we get

Jr@la@) = [ im0 du)

h X | 1
cR =liminf, 0o gn(x)

< liminf / gn() dp(z)

=|f(x)[+g(@)—|f(z)—fn(z

— /an( )|+ g(x —hmsup/lf )| dp(x)

n—oo

1.€.

lim If( ) = fu(@)| du(x) = 0.

n—o0

3.4. Applications of the dominated
convergence theorem

Topics where dominated convergence theorem may be applied

e the integration of series of functions;
e the continuous dependence on parameters in integrals;
e the differentiation with respect to a parameter in an integral;

e the Fourier transform.
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3. Convergence theorems

The integration of series of functions
We would like to have

/ng ) dp(x Z/gk dp(x

This situation can be covered by the dominated convergence theorem, since we would like to

have .
lim gr(x) du(x) = lim / gr(x) du(x).
i Yt o) = Jiy 3 [ o) e
Thus we put
=> gix) and  f(z) =) g(x)
k=1 k=1

We must formulate now hypotheses on g () in such a way that we can apply the dominated
convergence theorem. We need 3 facts

1. foand f € Z(X, o);

2. amajorating function g € £1(X, o7, p) with f,,(z) < g(z) p-a.e.

3. the limit lim,,,, f,(z) = f(x) must exist p-a.e.

In order to have f, and f in 2°(X, /) we impose the condition that
g(r) e Z(X, o) (ke{l,2,3,...}).

In order to get a majoration g, we proceed as follows:

Since
)| < Z |gr()
k=1

we can choose as a majoration g(x) := > -, |gx(x)|. In order to have g € L (X, o, ), i.e

/XZ|gk <—|—OO

k=1

()] =

J/

=32 fx|fik(7&)\ p(x)
by the monotone convergence theorem

we impose the condition that g, € £ (X, .o/, i) are such that

3 /X 0(@)] () < +o0.

Remark that this condition implies that

Z\gk )| <+oo p-ae.
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3.4. Applications of the dominated convergence theorem

so that the series

converges /i-a.e., i.€.

Hence we get

Proposition 132.
If the sequence {gy(7)}32, in LY (X, &, ) is such that

3 /X 196()] () < +oo

then

/ngk: ) du(z :g/xgk (2).

k=1

Continuous dependence on parameters
In a measure space (X, <7, ) we consider a function depending on a parameter:

fla,b[x X = R, (N z) = f(\ ).
We would like the function

F:la,b|— R A — F()\) = /X f(A x) du(zx)

to be continuous.
This situation can be covered by dominated convergence, since we would like to have

lim F(\) = F(\o)

)\4))\0

1.e. something like

iy [ ) duta) = [l 12 dte) = [ FOo.) duto)

A= S x A—=Xo
The last equality explains why we will impose the following condition:
f(A, x) is continuous in \ p-a.e. on X,
ie.

lim f(\ z) = f(Ao, ) p-a.e. on X.

/\*))\0
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3. Convergence theorems

In order to apply the dominated convergence theorem, we need a majoration. This can be
achieved as follows:
For a fixed \g €]a, b], there exists a function g € (X, &, 1) with

lf(A z)] < g(z) prae.on X, VA €]y — €, Ao + €[ for some .

The above ¢ may thereby depend on the chosen \.

Hence we get

Proposition 133.
Suppose that the function f :]a,b[x X — R is such that, for some fixed A\ €]a, b],

e limy_,, f(\,z) = f(Xo, z) for p-almost all v € X;

o There exists a function g € LY (X, o, ) with

lfON2)| < g(z) prace. on X, YA €Ny — g, \g + €| for some ¢.
Then the function

F o b= R Ao F()) = /X FOu ) du(a)

Is continuous at \g.

Taking derivatives of integrals that depend on a parameter

In the context of the above example, we would like to take derivatives of F'.
Hence we are interested in the following kind of computations (where {\,, 1129 is a sequence
converging to some fixed \ with \, # \.)

. s
g FO Q) [ TO) = T
- [ , [0r) - jr)
x N0 )\n -\

o -
- Xa—Af(A,x)du(l‘)

Hence, we will make the following assumptions: Suppose that the function f :]a,b[x X —
R is such that
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3.4. Applications of the dominated convergence theorem

o f(\) e LYX, o, u), Y\ €]a, b, so that

- /X O\ 2) du(a)

e For some fixed \ €]a, b|, the derivative 2f (A, z) exists for all 2 € X.

1s well-defined;

e Jdg e LN (X, o, i) with
f ) f( x)

< g(x) p-ae. YA EN—e A +¢]

>/z

for some € > 0.
Remark that this last condition is satisfied if there exists a g € £ (X, .o/, ) with

0

L fO)

< g(x) p-a.e. on X,

and if the partial derivative 8% f(A, ) is continuous in \ at . This follows form the following
computation

>1>
2%
S~—r

fz) —
A—

for some \ that lies between )\ and ).

Proposition 134.

Hyp The above assumptions
Concl The derivative F'()\) exist and

F() = 35 [ 100) duta)

A=A

Applications to the Fourier Transform
We will discuss these applications somewhat later for the following reason. The Fourier-
transform in L' is defined by

/ F() - e dxL(z) = f(N).

We integrate thus a complex-valued function f(x) - e ™A%, Thus we first must give a

meaning to the integral of complex-valued functions.
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3. Convergence theorems

3.5. Complex valued functions

When dealing with complex valued funtions
f: X—=>C

over a measure space (X, o7, 11), we identify C with R? and we equip the target space C with
the o-algebra (C) := Z(R?).

It turns out that a function is <7 -measurable if and only if the real part 3 f and the imaginary
part S f are .o/ -measurable.

For complex-valued, ./ -measurable functions f we put

[ @ o) = [ Re@) duto) i [ S5(@) duto)

It turns out that
o [is p-integrable <= Rf and Sf € LN (X, o, n) < |f| € LNX, o, p).

e The dominated convergence theorem remains valid for complex valued functions.

3.6. Application to the Fourier
transform

An important application is given by the Fourier transform. Let
fiR=>Czw— f(x):=Rf(z)+i-Sf(x)
be .#*-measurable (this is the case if f is for example continuous) and suppose that
RS € LYUX, o\,
1.e.

. 1
fe«gcl(R,Zl,)\l)z {f:]R—)(C : [ is Z*-measurable }

and [, |f(z)| d\'(z) < +o0

Then the function
g\, x) = f(x) - e ¢ ZHR, L1\ VAeR

since [g(\, )] = |£()].
Thus the Fourier transformed

F (@) (V) = / f(z) - e ANl (z) = ()

is well-defined.
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3.6. Application to the Fourier transform

Continuity of the Fourier transform on !

Proposition 135.
Forany f € L' (R, (R, \'), the Fourier transformed

ZL @) = FO) / f(z)e 2 i) (x)

is well-defined and continuous in .

Proof. The fact that f is well-defined follows from
/ | f(x)e ™| dAN (z) = / |f(z)| d\'(z) < +o0.
R R
The continuity can be established by the use of the majoration g(z) := | f(z)]. O

The Fourier transform is bounded

Proposition 136.
We have

T LRLYN) - CR) :={f:R— C : f continuous}

and

1flloo = sup |f(N)] < / |f(@)] dX' (@) = [| ]z
AeR R

ie.

IZLf@]Oleo < 1 flle (f € ZER,Z1,2).

Differentiability of a Fourier transformed f

The Fourier transformed
- [ @) ix'

of f is an integral depending on a parameter A. We can take a derivative with respect to the
parameter \

FOY = 35 [ F@) e an@) = [ @) oot av)
= —2mi / - fz) - e AN (2)

under the following assumptions:
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3. Convergence theorems

o fe LR, LN,

e We have
672772')\23 o 6727ri5\z d )
f(x) - = = |f(x)|- | e
)\ — )\ d>\ A=)
. where )\ is between \ and \
= |f(x)|- |—2mize 2N
= 27mx-|f(z)] € LY R, L \).
Proposition 137.

Hyp  The function f € Z'(R, L', \'") is such that © - f(z) is \'-
integrable, i.e. such that

/R|I| | f(@)] dA (z) < Ho0.

Concl the Fourier transformed f (A) is differentiable and
F'N) = Fl-2miz - f()](N),

Ie.

—~FAlfOI(A) = FA[-2miz - f(z)](N).
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4. Fubini’s theorem

4.1. Interchanging the order of
Integration

Double integrals
Let us consider the universe R? equipped with the Lebesgue measure \2. This measure is
defined on the complete o-algebra £ containing the o-algebra 2(R?) generated by 72
Recall that a .#?-measurable (numeric) function (for example a continuous function) f is
A2-integrable if and only if

[ 15l a¥ey) < 4.

Thereby the integral of a positive (numeric) function is defined as the limit

lim u, (7, y) dN*(z,9),

n—oo R2

where the sequence {u, }.1>5 of step-function satisfying u,,  f.
For a given .Z?-measurable (numeric) function, we will consider in what follows integrals
over \2-measurable sets £ x I. As typical examples of such sets let us mention the rectangle

Ja,b]x]e,d] € #2, or [a,b] xR or R*=R xR,

For such sets, we have defined

f(y) dX2(z,y) = /

5 Xexr(,y) - f(z,y) dX*(z,y).

ExXF

Y

F ExF

E

On may now fix some value y € F' and consider the (numeric) function

f(?y)E_>R7 .%Hf(l',y)
The are four interesting questions:
1. Is this (numeric) function f(-,y) A\'-measurable (for A\'-a.a. fixed y)?

2. If yes, is this function \!-integrable so that

/ f(z,y) d\'(x) makes sense (for \'-a.a. fixed y)?
E
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4.1. Interchanging the order of integration

3. If yes, is the function y — [, f(z,y) d\'(z) A'-measurable?

4. If yes, is this last function \!-integrable so that

/F |:/E f(@y) d/\l(@} d\'(y) makes sense?

Yyt--- [ [z, y) dN' ()
F ExF

Let us introduce the notation

//fxy ) d\(z) A\ (y —/[/fxy ) AN (z ]dAl(y).

In a symmetric way we may consider, for a fixed x € F, the (numeric) function

f(ZL‘,')IF—>R7 ny(x7y)
The are again four interesting questions:

1. Is this (numeric) function f(z,-) A!-measurable (for \'-a.a. fixed x)?

2. If yes, is this function \!-integrable so that

/ f(z,y) d\'(y) makes sense (for \'-a.a. fixed z)?
F

3. If yes, is the function © — [}, f(z,y) dA'(y) ~ A'-measurable?

4. If yes, is this last function \!-integrable so that

/L {/Qlf(x,y)<1A1(y)} d\'(z) makes sense?

Y [0 f(x,y) dX\(z)
Ex F
F
; X
r F
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4. Fubini’s theorem

Let us introduce the notation

//fxyd/\l ) dN(x -—/[/fxycm }dAl(x).

There remains a final important question. Are the three integrals (if they exist)

fz,y) dN*(x,y), //fxyd)\l( ) d\Y( and//f:cyaD\1 ) dA\(y)

ExXF

equal?
Fubini’s theorem

Hyp

e The function f : R? — R, (z,y) — f(z,y) is L(R?)-
measurable

e The set £/ x I belongs to .Z(R?).
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4.2. The o-algebra o] ® oty

Concl

1. If the function f is non-negative on £/ x F', then
fa) @y = [ [ fag) i) i
EJF
= / / f(z,y) d\' () d)\l(y)
FJE

ExXF

The three integrals may be equal to +-o0.

2. The function f is integrable, i.e.

[ 1l ) < oo
ExF

if and only if

/E/F‘f(x,yﬂd)\l(y) d\'(z) or /F/E]f(x,y)‘d)\l(x) X! (y)

is finite.

3. If f is integrable, then

e the function f(-,y) : =« — f(x,y) is integrable for
almost all y,

e the function f(x,-) : y +— f(x,y) is integrable for
almost all x and

o the following three integrals exists in R and

Fay) Xz, y) = /E / F(a.y) AN () AN (z)

_ /F /E Floy) d\ (z) dA'(y).

4.2. The o-algebra o7 ® o

Our aim

Let (X1, .97, p1) and (X, 9%, j12) be two measure spaces and assume that both p; and o
are o-finite.

Our aim is to define a measure

ExXF

W= Q o on X := X7 x Xs
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4. Fubini’s theorem

that agrees with the measures y; and po:

(11 ® p2)(Ar x Az) = i (A1) - pa(As), VA € (i=1,2).

Example 138.
As a typical example we mention the case where X; = X5 = R, @4 = o = Z(R).

X2

AZ A1 X A2

T

Ay

The notion of product s-algebra <7, ® <%

Definition 139.
Given:

e measure spaces (X1, .94, 1) and (Xy, 9, 11o) with

e o-finite measures j; and po

we define:  the product o-algebra o/} ® A, as:

0({A1XA2 : AlEMfOTZ:LQ})

Thus o/, ® of is the smallest o algebra containing all rectangles
Ay x Ay with A; € o fori =1, 2.

Another generator for <7, @ o,

Proposition 140.
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4.2. The o-algebra o] ® oty

Hyp  Consider the family of “cylinders”
%I:{A1XX22A1€%}U{X1XA2ZAQE«%}
X2

A1XX2

T

Ay

Concl € is a generator for oy @ oty, i.e. 0(C) = G Q s.

Proof. 1. Since € C & ® /5 (remark indeed that X; € o7,), we have

o0(¥) C o @ bs.

2. On the other hand,
A1 X A2 = (Al X XQ) N (Xl X Ag)

gives
{Al X A2 . Al € %fOri: 1,2} C U(%)

and thus
G ® oy C 0(F).

The main example

Example 141.
Let us consider the case where X; = Xy, = R, @ = o = ZA(R).
Then

h @ dy = BR) ® BR) = BR?).

Indeed,
Iix g = g
so it is enough to show
%(R)@%(R):O’({81XB2 . BléflfOl’Zzl,Q})
I Iix gl= g2 I

L ﬁ(Rz) ]

Step 1: We show that Z(R?) C Z4(R) @ B(R).
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4. Fubini’s theorem

This follows from
I'CBR) = JF'x gl= 7 C BR) x BR)
— a(/Q)I c o(B[R) x %(R))I

' —%(R2) ' =2R)2%(R)

Step 2: We show that Z(R) ® Z(R) C #(R?).
Indeed, remark that
By X Xy = Upez (Bix]n,n +1]) € B(R?), VB, e 7!
e 7?2

and
X1 X By = Upez (Jn,n + 1] x By) € B(R?), VBye ¢!

€r?
so that ¢ C %(IR?). But this implies

B(R) ® B(R) = (%) C B(R).

The notion of sections of measurable sets

Definition 142.
For any A C X; X X5, we put

1.
Ag i={xs € Xy ¢ (x1,29) € A} (C Xy)

Ay, ={zr1 € X1 : (x1,22) € A} (C Xy)

Sections of measurable sets are measurable
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4.2. The o-algebra o] ® oty

Theorem 143.

Hyp A€o ®
Concl

1. Vx, € X1, we have A,, € s;

2. Vxy € Xy, we have A,, € 9.

Sections of measurable sets are measurable (proof)

Proof. We consider the sub-family ¢ of &/, ® % consisting of the “good” measurable sets:
G ={Acd X : V(r),13) € X1 xXo, A, €gband, A, €.9,}

It is enough to show that ¥ = .} ® .
We proceed in two steps:

e First we show that ¢ is a o-algebra;
e Then we show that ¢ contains all rectangles A; x A, with A; € <7 (i = 1.2).

The conclusion follows then from

Step 1: ¢ is a o-algebra.
This follows from the following considerations:

e The whole space X; x X5 belongs to ¢ since

V:cl S Xl, (Xl X X2)x1 = X2 € 5272
\V/l'Q S XQ, (Xl X XQ)J;Z = X1 € ,%

e ¢ is [-stable since, VA € ¢, we have

\V/ZL'lEXl, ((X1XX2)\A> :XQ\@'E%

[
=X1\ (A,) € 4.
cafy

Z1

YV, € X, (X1 x Xa)\ A)

2

Thus it remains to show that ¢ is U, cn-stable.
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4. Fubini’s theorem

e ¢ is U,n-stable, since, for any collection {A,,}.>] of set in &, we have

Vi, € Xy, (U?'leAn)xl =UpZ, (An)e, € S
L
caty
Viy € Xy, (U;.LO:].AH)JTQ =UpZy (An)ay € 9.
€

Step 2: ¢ contains all rectangles A; x A, with A; € o7 (i = 1.2), since

Ay ifx; € A
(%) lffEl € Al
(Al X AQ)xl € %

VfL’l < Xl, (Al X AQ);vl = {

and in a similar way
V.CIZ'Q € XQ, (Al X A2)$2 S %

Thus we are done! L]

4.3. The measure u; ® po

Let us draw a balance
Recall that for a “rectangle” A; x Ay (with A; € o7 for i = 1, 2) we would like to have

(11 @ p2)(Ar x Az) = pr (A1) - p2(As).

Moreover, we obtain now

n(d) = i) B €t
0 1fx2€42f2

i.e.
1 (Azy) = p1(Ar) - Xa,(22).
so that

/X 111(Ag,) dpia(z2) = p11 (A1) - pa(A2) = (11 @ p2) (A1 x As)

Proceeding in a symmetric way with p5(A,, ), we get
(i ®m) A xA) = [ () duaes
X2

= /X1 p2(Az,) dpa (7).

This last result could be used to define the product measure ji; ® . In order to do this, we
need the following result:
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4.3. The measure j1; & jio

Proposition 144.
Forall A € oy ® a7y we have

x1 > po(Ag,) is @/,-measurable and
xo > p1(Ag,) is @5-measurable.

Moreover

LAMMMW%MZ/MW%MM%)@W#@)

X1

Definition of 11, ® -

Definition 145.
Given:

e measure spaces (X1, 94, ju1) and (Xo, 9, j1o) with

e o-finite measures p; and o

we define:  product measure fi; ® po as:

(1 ® p2)(A) = /X ti1(Asy) dpa() 1)
= AJM%JWNW (€ [0, +o0]) (4.2)

forall A € o] ® a.

11 ® o iS @ measure

Proposition 146.

Hyp
e measure spaces (X1, 4, 1) and (Xa, o, j12) with

e o-finite measures |1y and iy

f11 ® pz given by the above relation ({#.1)) or (#.2)
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4. Fubini’s theorem

Concl 11 ® s is a measure on oy Q oty with

(1 ® p2) (A1 x Ag) = pi(Ay) - pa(As) if A; € o fori=1,2.

A typical example

Example 147.
We consider the case where X; = X, = R and .} = o% = AB(R). So

9 @ = BR).

On X; and X,, we consider the measures (11 = pis = A|zm®) =: 5.

We have now two measures on (R? Z(R?)):

° 52 = )\Q‘Q@(R% and

o Bl AL

Remark that both measures coincide on _#! x ¢! = #?andthat #? is a generator
for #(R?).

Recall that the extension by Carathéodry is unique.

Thus we get

62 — 61 ® Bl‘
Moreover,
Vfe XI(RQa %}(R2)7 >\2); f(z1, 22) d52($1, T9) = f(r1,29) d(51®51)($17$2)
RQ R2

4.4. Integration with multiple
integrals

Multiple integrals for characteristic functions
Let us first consider a characteristic function

f(x1,2) = xa(T1,T2) = XAy, (22) = XAuy(21)5 with A € o) ® .
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4.4. Integration with multiple integrals
We have

/ xal@r,@2) dlin ® ) (w0, 22) = (1 ® p) (A)
XlXX2|—,:f($1CC2)

— /X1 1i2(Ag,) dpy (1) :/ p1(Ag,) dpia (1)

Xo
/ / oo, (2) dpa(a) | dpaa ()
X1 LJ X '—':f(xl ) |

' J dun ()] dpse)

\ =f(x1,72)

Multiple integrals for step functions
By additivity, the above result remains true for step-functions:

Proposition 148.

Hyp f€ T(Xy1x Xy, ® o), where (fori=1,2)

(X, o) are measureable spaces that we equip with o-finite measures [i;.

Concl We have

/X . fz1,29) d(p1 ® po) (1, 12) =

(/X - f(x1,72) du2(ff2)- dpa (1)

LJ X2 d

/X - f(x1,72) dul(wl)_ dpa(z2)

L/ Xy J

Multiple integrals for positive, numeric functions (Tonelli)

Proposition 149.
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4. Fubini’s theorem
Hyp f€Z (X x Xy, o ® oy), where (fori = 1,2)

(X, o) are measureable spaces that we equip with o-finite measures ;.

Concl We have

/ [z, 2) d(p1 ® p2) (21, 220) =
X1 xXo

/ [ i ) )| o)

L J X2

/ [ i ) )| sl

LJ X1

Corollary 150.
Hyp f € Z(X, x Xy, o @ o), where (fori =1,2)

(X, o) are measureable spaces that we equip with o-finite measures ;.

Concl f is puy ® uo-integrable, i.e. / | f(z1, 22)| d(p1 @ p2) (1, 22) <
X1 xX
~+o00 if and only if on of the folllowiQng integrals is finite

/Xl [ [ Gen) dm(@)} dyin ()

or /X1 {/XQ |f (@1, 2)| dpa(z2)| dpa(z1).

Fubini’s theorem

Theorem 151.
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4.4. Integration with multiple integrals
Hyp [ € Z(X1x Xy, ® ), where (fori=1,2)

(X, o) are measureable spaces that we equip with o-finite measures [i;.

Concl If f is 1 ® ps-integrable, we have

/ [z, 2) d(p ® po)(21, 02) =
X1xXo

| [ 7 it ) i) | pntion)

LJ X2

/ [ it ) o) | sl

LJ X1

Moreover

° f (1, x2) dus(xe) if finite for py-almost all v, € X, and
Xo

° f (1, x2) duy(xq) if finite for po-almost all x4 € Xo.
X1

Remark 152. If one applies the above theorem to the case
X=X, =R, with oy = oty = B(R) and ji; = py = 3 = A1|$(R),

on has o @ oty = B(R?) and ' @ ' = [ := N?| 5w2).
Remark however that
Z(R)® Z(R) C Z(R?)

and that
M @ A is not complete, the completion of \' @ \! being A%

Fubini’s theorem however remains valid:

Fubini’s theorem (second version)

Theorem 153.

Hy fc LY (R Z(R2),\).
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4. Fubini’s theorem

Concl We have

f(flf1,332) d)\Q(l’l,ﬂ?z) =

]RQ

Moreover

|

.

:/Rf(xl,scg) d)\l(xg):

:/Rf(xl,scg) d)\l(xl):

. / f(z1,25) AN (1) if finite for \*-almost all x5 € R.
R

d)\1 (il?'1>

d)\1 (l’g)

° / f(z1,22) AN (5) if finite for \'-almost all z; € R and
R
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5. Normed spaces

5.1. Linear spaces (vector spaces)

5.1.1. Definition and examples

A notations, we will use in what follows

We set, in what follows,
K:=R or K=C.

The notion of linear space
Let us consider a non-empty set X that is equipped with

e an addition: X x X — X, (u,v) — u + v and with

e a multiplication by a scalar: K x X — X, (A u) = A+ u = Au.

Definition 154.
(X, +, -) a linear space (or a vector space):

We have
e ut+v=v+u foralluandv € X ;
e (u+v)+w=u+(v+w) forallu,vandw € X;
e 70 ¢ X withu + 0 = u, Vu;
o Vu € X, A(—u) withu + (—u) = 0.
Moreover, Vu, v € X and Va, 5 € K, we have
o (a+ fB)u=au+ Pu;
e a(u+v)=au+ av;
o o(fu) = (af)u;

o 1l -u=u.

A first example of a linear space
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5.1. Linear spaces (vector spaces)
Example 155.
Forn =1,2,3,..., we put
X =KV :={ox=(6,6,...,6n) : & €Kfork=1,2,...,N}.
and we equip K" with
e the addition

(5177--'a€N)+(n177--'777N> = (£1+7717"'7£N+77N);

e and the multiplication by a scalar
alér, ... én) =(a-&,...,a-&n).

Then

Proposition 156.
(KN, +, ) is a K-linear space with
e 0=(0,...,0) and

* _(617"'751\7) = (_fla-")_fN)-

A second example of a linear space

Example 157.
Consider, for —oco < a < b < 400 kept fixed, the set

Cla,b] :={f : [a,b] = K : fis continuous}
equipped with

e the (pointwise) addition
(@ +y)(t) = z@) +y(t)  (t€la,b])
e and the (pointwise) multiplication by a scalar

(- z)(t) = - x(t) (t € [a,b])
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5. Normed spaces

Proposition 158.
(Cla,b],+, ) is a K- linear space with

e 0(t) =0and
o (—x)(t) = —x(t).

The notion of linear independence

Definition 159.
Given: A K-linear space X, and vectors

U, Ug, ... Uy, € X.

we say:  uj,Us, ..., U, are linear independent iff:

U] Fagus + -+ o, =0=— a1 =ay=---=qa, = 0.

Remark 160. For N = 1,2, 3,... we write
dimX =N (dimension of X is N)

if and only if the maximal number of linear independent elements in X is N.
We say that
dim X = oo

if and only if there exist N linear independent elements in X for each N = 1,2,3,....

Remark 161. We put
dim{0} = 0.

A ’typical’ finite-dimensional linear space

Example 162.
We know that

dimKY = N (N=1,2,3,...).
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5.1. Linear spaces (vector spaces)

RrR2

ug

L 2

The dimension of the space Ca, 0]

Lemma 163.
We consider, in the linear space C'a, b] (with —o00 < a < b < 4+00), the elements

ug(z) == zF ,fork=0,1,2,3,....
Then, any set of elements of the form
U, Up, Uy « « -y UN , where N = 0,1,2,3,...is kept fixed

is linear independent.

Proof. Indeed, the relation
apur(z) + - -ayuy(z) =0 YV € |a, b
means that the polynomial
p(z) = ag + arx + -+ aya

has an infinite number of zeros. But this is impossible unless p(z) is the 0-polynomial, i.e.
unless
=01 =---=ay =0.

Proposition 164.
The space Cla,b] (where —o00 < a < b < +00) is infinite-dimensional:

dim C[a, b] = occ.
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5. Normed spaces

Corollary 165.
Any linear space X with C'la,b] C X is infinite-dimensional, i.e.

Cla,b) C X = dim X = oo.

Corollary 166.

dim Z (R, .#) = .

Remark 167. Thus, linear function spaces 'usually’ are infinite dimensional.

5.1.2. The linear space Z?(X, 7, )

An additional ’convention’
For p > 0, we put

(+0)? =400 and  (+o00)? =0.

as a new convention.
Then, if (X, <7) is a measurable space, we have

feZ (X, &)= |fPec Z(x, o) (p>0).

The notion of #?-spaces
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5.1. Linear spaces (vector spaces)

Definition 168.
Given: A measure space (X, .o/, 1) and a constant p > 1
we define:  The Lebesgue spaces .£7(X, o7, ) and ZL(X, o7, i) as:

(X, p)={f: X >R ; feZX )
| f|P is p-integrable}

and

(X, ,p)={f: X->C : SfRfeZX, )
and | f|? is pu-integrable}

Remark 169. In what follows, we will only deal with £?(X, o/ , 1), but the derived results
can be overtaken to LE(X, o7, 1) if one replaces the absolute value | - | by the modulus | - |.

Remark 170. For measurable functions we have

f is p-integrable <= f € L (X, o, ).

| f|P is p-integrable means that

/X @) du(z) < +oo.

Thus

LP(X, o ) = {f:X—)@ L feZ(X, )

[P duta) <400}

and

LUX, o ) = {f:X—>(C L SfRf € Z(X, o)

[P duta) <400},

The notion of semi-norm N,,(-)
We introduce the notation

N ([ e dmm)w (> 1).
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5. Normed spaces

Remark that is is possible to get

but we have

LX) ={f€Z(X, o) : Ny(f)<+oo}

and

LEX, o ) - {f:X—>(C CSfRfe (X, A)

M) < +oa .

Addition an multiplication by scalars in .#7-spaces

We introduce now an addition and a multiplication by scalars on .£?(X, o7, ). We invite
the reader to treat the case .Z% (X, <7, ;1) in parallel by himself,

We put

o +: X, ) x LP(X, o, 1) — LP(X, o, p) is given by pointwise addition:
(f +9)(x) = f(x) +g(z) (zeX)
o RxZLPX, o n)— LP(X, o, ) is given by pointwise multiplication:
(- flz):=a-f(z) (ze€X)
These definitions could be somewhat problematic, since for example it is not clear that
f,9e (X, o p) = f+ge LPX, o, n).

or that
a€eR fe P XA u) = - fe LP(XA, ).

I fact we know that f + g and « - f are measurable functions, but we must check whether or
not these functions belong to Z?(X, <7, ).
This is easy for av - f:

o) = (X|a-f<x>\p)l/p

SO
N,(f) < o0 = N,(a - f) < +o0.

The following proposition shows that addition in -Z?-spaces is well defined, too.
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Proposition 171.
Suppose that 1 < p < 4o00. Then

fge LY (X, o, p) = f+gecLPX, o, p.

Proof. We have

(If (@) + [g(=)])?

(2 - max{|f(2)|, |g(z)|})"
= 2" max{|f(z)]", |g(z)[}
27 (| f (@) +[g(x)[")

£ () + g(2)]?

so that
/X @)+ @) duz) < 2 /X £ @) + 9(@)?) dulx)
_— /X @) du(z) + 2 /X 19(@)? dyu(z) < +oo.

ZP-spaces are linear spaces for p € [1, +o0]
Thus we get

Proposition 172.
Let p € [1,400[ be fixed. Then

(X, o ) = {f:X%R L feZ(X, ), /X|f(x)\pd,u(az)<+oo}
and
LE(X, o, p) = {f:X—>C : R, Sf € (X, ), /X\f(:c)|p d,u(:c)<—i—oo}

when equipped with the above defined addition f + g and scalar multiplication o - f are
both linear spaces over R resp. C.

5.1.3. The linear space .Z*(X, 7, u)

The notion of semi-norm N (-)
Let (X, <7, 1) be a measure space. For any numeric function

f:X—=R
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5. Normed spaces

and for any complex valued function
f:X—=>C

we put
Noo(f):= inf sup |f(x)].

Neod
()20 TEX\N

Remark that we do not exclude the possibility to have N..(f) = +oo for some f. But if
Noo(f) < 400, this means that f is bounded almost everywhere.

Example 173.
Consider the numeric function

+o00 LifzeR

0 , elsewhere.

F(@) = +o00 - Xqlz) = {

We consider this numeric function on the measure space
X=R, =2 p=2\.

Since A'(R) = 0, we have

sup f(z) =0
z€R\Q

and thus
Noo(—l—OO . XQ) = 0.

The notion of -¥*°-spaces

Definition 174.
Given: A measure space (X, o7, uu) and a constant p > 1
we define:  The Lebesgue spaces (X, <7, ) and Z2°(X, o7, u) as:

LX) ={f€Z(X, ) : No(f) <400}

and
LE(X, A ) = {f:X—)(C SfRfe (X, o)

No(f) < +oo}.
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Addition and multiplication by scalars in .Z>°-spaces

We introduce now an addition and a multiplication by scalars on £ (X, <7, 11). We invite
the reader to treat the case .Z2°(X, <7, 11) in parallel by himself,

We put

o +: X, u) x LX,d, n) — L>(X, o, ) is given by pointwise addition:
(f +9)(x) = flx) +g(z) (zeX)
o R XXX, o, u) - L°X, o, u)is given by pointwise multiplication:
(- f)(z) =a- flz) (ze€X)
These definitions could be somewhat problematic, since for example it is not clear that
frge L¥(X, d p) = f+g€LX, A, n.

or that
aceR fe P XA p) = a-feLPXA, ).

I fact we know that f + g and « - f are measurable functions, but we must check whether or
not these functions belong to £ (X, <7, 11).
Again, this is easy for « - f and follows from

la- f(@)] = o - [f(2)]
and form

sup |- f(z)| =[af- sup |f(z)] VN €& with u(N) =0,
zEX\N TEX\N

- Naar- £) = |a] - Noo(f).

The following proposition shows that addition on .#*°-spaces is well defined, too.

Proposition 175.
We have

Noo(f + 9) < Noo(f) + Nuo(9)

and thus
[r9e L(X, o, p) = f+ge€ZLX, o, u).

Proof. Let e > 0 (and small) be fixed, and choose the N; and N, € &7 with
o u(Ny)=0,fork=1,2;

o supex\, [f(#)] < Noof) + /2 and sup,e x\, [9(2)] < Noo(g) + /2.
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5. Normed spaces

Then, setting N := N; U N5, we obtain

o u(N)=0;
[
Noo(f+9) < sup |f(x) + g(2)]
zeX\N
< sup |f(z)|+ sup [g(z)|
zeX\N zeX\N
< sup [f(z)[+ sup [g(z)|
z€X\ N z€X\ N2
< Noo(f)+¢e/2+ Nuo(g) +¢/2.
Letting ¢ — 07, we get the claim. O

Zr-spaces are linear spaces for p € [1, +]
Thus we get

Proposition 176. Let p € [1, 400 be fixed. Then
LP(X, o ) = {f X =R feZ(X,o), N,(f) < +oo}
and
LEX, o ) = {f X —>C: Rf,Sfe Z(X, o), Ny(f) < +oo}.

when equipped with the above defined addition f + g and scalar multiplication « - f are both
linear spaces over R resp. C.

5.2. Normed spaces and
convergence

5.2.1. The concept of norm

The notion of norm and of normed space
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5.2. Normed spaces and convergence

Definition 177.
Given: A linear space X over K
we say: X anormed space iff:
there exists a norm on X, i.e. iff there exists a mapping

|-]: X =R
exhibiting the following properties:

e strict positivity: We have
o |lul| >0 Vu € X and
o |lu| =0<=u=0.

e homogeneity: ||a - ul| = |a - ||ul|, Va € K and Vu € X.

e triangular inequality ||u + v| < ||u|| + ||v||, Yu, v € X.

Remark 178. In a normed space, it makes sens to speak about the distance between two
points u and v. By this we mean the value of

dist(u,v) = [Ju — v||.

e strict positivity: for all u,v,
dist(u,v) > 0 and
dist(u, v) dist(u,v) =0 <= u =v

o symmetry: for all u,v,
dist(u, v) = dist(v, u)

o triangular inequality: for all u,v,w,
dist(u, v) < dist(u, w) + dist(w, v

Remark 179. The triangular inequality can be extended to more than two elements. Indeed,
one gets

[(u+0) +w| < flu+ vl + [Jw]] < Jul] + [0l + lwl]
and thus

n

D

k=1

<Slwl  (n=2.3.4,...).
k=1
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5. Normed spaces

Generalized triangular inequality
The triangular inequality can be written in a generalized version:

Proposition 180.
Suppose that (X, || - ||) is a normed space.
Then we have, Yu,v € X,

\nu—mﬂsnuivnswm+nw.

7 \ \\ 4 u— v

I/ \ ‘/ Vu—w ! v !

! U=y oy —_—r s u @

\ \ / \ / \ /
\ / \ / \ y \ /

7 N
~ - N -z
~_ - ~__ _- ~___- ~___~-
lall = [l llull = llvll llull = ol llull = vl

Proof. Concerning the second inequality, we may argue as follows:
Ju £l = flu+ (F0)[| < flull + | £ vl] = [lu]l + o]l

Concerning the first inequality, we first remark that

[ull = [[(u—v) +vl| < |lu—vl|+ v
so that
[ul = [[vf] < [lu— v
By symmetry, we have
o]l = llull < llv —ul| =[] = (v =w)[| = [Ju—2.

This gives the second inequality, since

ull = [loll} < llu =] and

un—u—mﬂguu+mv
~——

=
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5.2. Normed spaces and convergence

5.2.2. Convergence

We can say what is close to a given point

As yet mentioned, in a normed space we can speak about the distance of two points:

dist(u, v) = ||v — ul|

Thus, we have a notion for “a point u to be close to another point v”. Thus, we can introduce

the concept of convergence of a sequence.

The notion of convergence

Definition 181.
Given: A sequence {u,}2] in a normed space (X, || - ||)
we say:  the sequence {u, },'> converges to a point u € X iff:

lim ||, —ul| = 0.
n—o0

(depending on the given ¢) such that
lun — ul| < e, Vn > ng.
We write in this case

lim w, = or U, — u  (asn — o00).
n—oo

i.e. iff for every tolerance ¢ > 0, there exists a threshold ng = ng(¢)

Remark 182. Remark that the limit point u, if it exists, is uniquely determined.
Indeed, if we assume that

lim w, = u and lim uw, =v
n—oo n—oo
we get
lu—vl| = [[(u—us) = (v—u)
< Nu = up|| + Jv —unl] =0 (asn — o)
so that

|lu—v|| = 0.
By the strict positivity of the norm, this implies that

u ="v.

Convergent sequences are bounded
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5. Normed spaces

Proposition 183.

Every convergent sequence {u, }t2 in a normed space (X, || - ||) is bounded, i.e.

AR > 0 such that ||u,|| < R, Vn e {1,2,3,...}.

Proof. Indeed

lim ||u, —ul| =0 = 3r > 0 with ||u,, — ul| <,

Yne{1,2,3,...).
n—0o0
// \\\
4 N
4 N
” \
/! \
/ . \
/ uz uUg - \
/ . ./’._. \\ \
u L
I’ N ug / \ \ \
S |
| \ v | i
\ \ ! I
/
\ R e\, , /
\ -~ /
\ ~
A\ 7
;
N ,
N -
~ P
N -
Hence
[unll = [[(un —w) + ull < flun —ull + [Jul| <7+ lufl := R
’4’—__-\5\
- ~
- ~
. N
’ P i
// -7 RN
’ \
’ ,|w2ua sy, \
I/ Wi g . \
] : ( u | I
I \ \ ro N
" ~ = /|
~ 1
z \ 7
\ SR /// !
\ TN T ,'
\\ ,
AY //
S 4
N 7
N .
~ 4
~ -
~o i

5.2.3. Continuity of the norm and the operations
Continuity of the norm

Proposition 184.
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5.2. Normed spaces and convergence

Hyp A normed space (X, || - ||) containing elements that we denote by w,,
and u

Concl The norm
[-]: X =R, u~|ul] (>0)

is continuous. This means that

U, = u (asn — 00) = ||u,|| — ||ul| (asn — o0)

ie.
lim u, =u = lim |ju,| = ||u|.
n—oo n—oo
Proof. This follows from
[unl = Nlull| < [lun —ull =0 (asn — oo).

Continuity of the operations

Proposition 185.

Hyp
o (X, +,-) a K-linear space equipped with a norm || - ||
® u,, u, v, and v elements of X, and «,, and o elements of K.
Concl
1. The addition
+: X xX =X, (u,v) —»u+v

is continuous. This means that

U, = u  (asn — o0)

v, = v (asn — 00) }:un+vn—>u+v (as n — 00).
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5. Normed spaces

2. The scalar multiplication
K x X = X (a,u) = a-u
is continuous. This means that

a, > a (asn — 00)

bt (= ) }:>an-un—>a'u (as n — o0).

Proof. The first point follows from
[(n +vn) = (u + )]

[(un = u) + (vn = o)

< |y — ul|| + [|Jon —v]] = 0 (asn — o0)
The second point follows from
o - up —a-ul| = [[(an — @)u, + a(u, —u|
< lom = )un|| + fla(un —u)
<

| — al - [Jun| +]o - [lun —ul].
—— N~ ——
—0 <R —0

Remark that the sequence {u,, },'>, being a convergent sequence, is bounded (by say R). Thus

we get the claim when n — oo. 0

5.2.4. The normed space L'(X, .o/, )u

Definition of .£?(X, <7, 1)
Recall that, for 1 < p < o0,

LX) ={f: X=>R ; feZX, ), N(f) <-+oc}
and
LLX, d p)={f: X->C : SfiRfeZ(X,o) andNy(f) < +oo},

where in both cases (the real-valued as well as the complex-valued case) we have

N = [ 1@ dule) for1<p <o

and
Neo(f) = inf sup [f(z)].

Neo
#(15):0 zeX\N

The linear space £7(X, <, 1)
Moreover, we yet know that
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5.2. Normed spaces and convergence

Proposition 186.

Hyp 1<p<+o0
Concl

1. Both £*(X, o/, 1) and LE(X, o, 1) are linear spaces.

(This is so for p = o0, too.)

2. Ny(+) (inclusively for p = o) is positive, i.e.
No(f) >0,  VfeLPX, o, ) resp. f e LEX, o, p).
However, in general, N,(-) is not strictly positive.

3. Ny(-) is homogeneous, i.e.

Np(a - f) = |l - Np(f),

Vi € LP(X, o p)resp. [ € LEX, o, p) and Yoo €
R resp. a € C.

Remark 187. Moreover, we yet know that N (-) satisfies the triangular inequality:

Noo(f +9) < Noo(f) + Nuc(g), V.9

We say that

Ny (+) is a semi-norm on L (X, o, ) resp. Looo 1. (X, o, 1)

complex

since N () satisfies all properties of a norm except the strict positivity.
We will now show that, for 1 < p < oo, Ny(-) is a semi-norm, too. We will proceed in two
steps:

1. the Holder inequality (a result that is useful by itself)

2. the Minkowski inequality (corresponding to the triangular inequality).

Holder inequality

An upper bound for a product by a sum of squares
We need a preparatory lemma, a result that is useful by itself.
We intend to generalize the fact that

2ab < a* + b V,a,b€]0,+o0],
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5. Normed spaces

a result that follows from

0< (a—0b)*=a®+b*— 2ab.

Usually, the above result is written in the following from:

2

2

a-bg——l—?, Va,b €]0, 00| |

Young’s inequality

Proposition 188.

Hyp  p,q €|1,+00[ a conjugate pair, i.e. suppose that

1 1
—4+ =1
P q
(for example p = q = 2, orp = 3 and ¢ = 3/2.)
Concl
a? b
a-b< —+4 —, Va,b €]0, +o00|
p q

Proof. For x > 0, we consider the curve y = 2P~ 1.

Y

y=aP " (forp > 2)

Sa

We use that fact that

Y

y = zpfl(furp < 2)
Sa

S1

CL'bSSl—I—SQ.

We can determine the areas S; and S in the following way:

a P
Slz/ a:p_ldm:a—
0 p

b L b b4
&—/w%@—/wlw—f
0 0 q

and
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5.2. Normed spaces and convergence

Remark that

gives

Thus we get
ab b
a~b§51+52=—+—.
p q

Hoélder’s inequality

Proposition 189.

Hyp  pand q a conjugate pair with p,q > 1. By this we mean that

11
—+-=1 ifp,g>1 or p=14g=00 or p=o00,q=1.
P q

Concl
1 Iffe ZP(X, o, n)and g € LIX, o, 1) then

f9e LN (X, A, p)

and

Ni(f - g) < Np(f) - No(g)-
2. The same is true if f € LE(X, o/, p) and g € LE(X, o, p):
frg9e L(X, o, p)

and

Ni(f-g) < Np(f) ) Nq(g)-

Remark 190. Forp > 1, ¢ > 1, Holder’s inequality means

[ 1@ g@l duto) < | [ 10 dute } | 1ot dnte }
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For p = o0, ¢ = 1, Holder’s inequality means

/|f o) du(a) < it sup |f(@ r/rg )| du(a

H(N) o TEX\N

=Noo(f)

This latter case follows immediately from the fact that for any null-set N, we have

/ (@) g(a)] du(z) < /X ) o) di) + 50 - )

=0

< sw \f()\/ 19()] dia(z)

z€X\N

< s |f( /|g )| du(z

zeX\N

so that

5@ @)l dute) < jnt. - swp 1@+ [ lota) dute
X L(N)=0 TEX\N

We will now prove Holder’s inequality for the former case.

Proof. We apply Young’s inequality

a-b< @ + v
p q
e 1) o(a)
_ x _ g
a_Np(f) and b_Nq(f)
and we get in this way
@I -Jg@)] 1 [f@)lP 1 lg@)l
Np(f)-No(g) = p Np(f)P g Ny(g)
Integrating this inequality, we get
e B MUCR G
1.fX|f D) dpx) 1 Jx lg@)l’ du(z)
D | Np(f)P | q | Ny(g) |
=1 =1
.
P q

and this gives the claim.

Remark than when
N,(f)=0 or Ny(g) =0

Holder’s inequality holds since f - ¢ = 0 p-almost everywhere. In fact, we even have equality:
0=Ni(f-g) = Np(f) - Ng(9) [
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5.2. Normed spaces and convergence

The Minkowsky inequality
Minkowsky inequality

Proposition 191.
Suppose that 1 < p < oo.
Then N,(-) satisfies the triangular inequality, i.e, Vf, g € LP(X, o ) resp. Vf, g €
ZLP(X, o, 1), we have
Np(f +9) < Np(f) + Ny(9)-

For p < oo, this means that

[ 16+ 0P duta ] < [[ v dute } #| [l aute }

Remark 192. Thus, N,(-) is a semi-norm for 1 < p < oc.

Remark 193. For p = oo, we have yet established the Minkowsky inequality.
For p = 1, the claim can be obtained by integrating the relation

[f(2) + g(2)] < |f(@)] + |g(2)]-

Thus, we give now the proof for 1 < p < oo. Thereby we put

and we remark that % + % =1

Proof. We have, since (p — 1)q = p,
N(f+gp = /X (@) + (@) du(x)
< / (Uf1+ 1D |f + 9"~ du
X
= / \FIIf+ gl du+/ gl |f +gP " d
X N——— X ———

€L €L

Thus we get, by Holder inequality,

N(f+ g < / L+l dut / gl 1f + g dy
X — XN

~—
eLr €L c.¥p €24
< Np(f) ’ Nq(|f + 9|p_1) "‘Np(g) ) Nq(|f + g|p_1)
—— ————
=Np(f+g)P~1 =Np(f+g)r~1

= (M + Mla)) Nl + 9

131



5. Normed spaces

- Ny(f +9) < Np(f) + N, (9)-

In general N,(-) is only a semi-norm, not a norm!
In general N, (f) is not a norm. However, we have

Ny(f) =0<= f =0 p-ae.

How to get a norm....
Thus, we collect all “very small functions” in a set M:

M = {feZL’ (X, pn) : Ny(f)
= {feX’ X, o, pn : [f=0pae}

resp.

M = {f e LL(X, o n) : Ny(f)
= {feLX o, u : f=0pae}

Remark that M is a linear subspace.
Then, we introduce an equivalence relation via

frg<e=f—-—ge M f=gpuae.

Remark that this relation has the following properties (corresponding to the fact to be an
equivalence relation)

o reflexivity: f ~ f,Vf
e symmetry: f~g=— g~ f.Vg,f
e transitivity:

[~y
g~ h — f~h, Vf.g,h.
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5.2. Normed spaces and convergence

We consider now the quotient space
LX) = LX)y =A==+ M: fe (X o 1)}
resp.
LE(X, o p) = L2 )y = {[f) = F+ M ¢ f € L2X, 1))
equipped with
1. the addition [f] + [g] := [f + g];
2. the scalar multiplication « - [f] := [« - f];

3. the norm [|[f][, := N,(/).

The notion of LP-spaces

Definition 194.
We call the so obtained spaces Lebesgue spaces LP(X, o7, u), resp. Lg.(X, </, j1) (with
I <p<oo)

We must now make some remarks:

e the first group of remarks concerns the fact that the above introduced addition, scalar
multiplication and norm are well-defined; by this we mean that their definition does not
depend on the choice of the representative elements.

e the second group of remarks concerns the validity of Holder and Minkowsky inequali-
ties.
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The addition [f] + [¢] is well defined

Remark 195. The addition [f] + [g] :== [f + g] in LP(X, </, p) (resp. L(X, o7, 1)) is well-
defined. By this we mean that the answer of this addition does not depend on the choice of the
representatives.

Indeed, let us assume that
fi=f2 p-ae. and g1 =¢go p-a.e.
so that [f1] = [f2] and [g1] = [g2]. Then
fiton=/lt+g pae

so that [f1 + g1] = [f2 + go].

Scalar multiplication « - [f] is well-defined

Remark 196. The scalar multiplication o - [f] := [a- f]in LP(X, o/, ) (resp. LE(X, o7, 1))
is well-defined. By this we mean that the answer of this product does not depend on the choice
of the representative.

This is so by a similar argument as the one we have just used for the addition:

f1:f2 M-a-e.:owﬁza-fg [-a.e.

| - ||, is well-defined

Remark 197. ||.||, is well-defined. By this we mean that the result does not depend on the
representative, i.e.,

fi=hH prae. = Ny(fi) = Ny(fa).
Indeed

Np(fl) = Np(fl - f2 + f2) < Np(fl - f2) +Np(f2) = Np(f2)
N e’

=0
Ny(fa) = Np(fo— fi+ [r) S Ny(fo = f1) +Np(F1) = Np(f1)
—————

=0
so that N,(f1) = Np(f2).

The L’-spaces are normed spaces
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Proposition 198.
The Lebesgue space LP(X, o/, ) resp. LE(X, o/, ) with 1 < p < oo is a normed
space. The corresponding norm is

o forl < p < +o0:

1l =N = | [ 17 dut)] "

o [orp = 4o00:
Iflllec = inf  sup [f(z)]
e TEX\N
Proof. We must only show, that || - ||,, is a norm. In doing this, we first recall that we have yet

established that V,(-) is a semi-norm.

L. || - ||, is strictly positive: indeed,

Vi = Np(f) = 0.

Moreover
/1l = Np(f) =0 = f =0 prae. = [f] = [0].
2. || - || is homogeneous:
lev- [f]lp = Npla - f) = o] - Np(f) = a - |[f]]]
3. || - || satisfies the triangular inequality:
1T+ gl =ML+ glll = No(f + 9) < Np(f) + Np(9) = [ f1lp + llgllp-

The Hoélder and the Minkowsky inequalities in LP-spaces

Remark 199. The Hélder and the Minkowsky inequalities remainvalid in LP (X, o/ , 1) resp.
in LE.(X, o, ), for 1 < p < 0.

o We have, if 1/p+1/g=1orp=o00,q=1orp=1,q= o0,

[flelr [f]-[g] € L!
9] € L7 } - { IL/T - 1glllp < LA - g1l

where LP stand for LP (X, o/, 1) resp. L%.(X, o, ).
o We have, for 1 < p < o0,

[f1:[g] € LP = ([T + [glllp < ILfIllp + gl
where again L stand for LP(X, o/, ji) resp. L{.(X, <, ).
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Convergence in LP-spaces

Remark 200. It make sense to speak of the convergence of a sequence {[f,]}>° , in LP(X, o/, u)
resp. LE(X, o/, ) since

fn = gn p-a.e.
limy, o0 fn - f g f = g p-a.e.
limy, o0 gn = ¢

so that
Jim [f] = [lim f)]
(if and only if lim,, .. f, exists).
Identification of / and [f]
It is usual to identify
f with  [f]

for elements in LP(X, o7, u) resp. L (X, o7, 1) (1 < p < 00) by saying:
“We identify u-a.e. equal functions.”

We will do this from now on and write f instead of | f].

5.2.5. Cauchy sequences

How to establish convergence: the brute method

If one has to establish the convergence of a given sequence {u,, }.>3

~27, one has

1. to find (by any clever argument, by “illumination” or simple by a “lucky punch”) the
limit v and

2. to show that
lim |lu, —ul| =0.
n—oo

How to establish convergence: better methods exist

But we know from the calculus in R that we can establish the convergence of a sequence
without explicitly knowing its limit. As an example, every monotone non-decreasing and
bounded sequence in R is convergent. As such an example let us mention

(+2)
Up = | 1+ —
n

o : i R
(%} ug us uyg up  ug ug . . .
limit point upper bound

with lim,, . u,, = €.

Establishing “monotonicity and “boundedness” is often easier than to find the limit point.
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5.2. Normed spaces and convergence

The “inner” behavior of convergent sequences
Let us now consider a convergent sequence {u, },t>] in a normed space (X, || - ||):

lim u, =u ,forsomeu € X.
n—oo

Thus, for any given tolerance ¢ > 0, there exists a threshold ny = n,(¢) such that
€

5 , as soon as n > ny.

[un = ul| <

Thus, as soon as n > ng and m > ng, on gets

[tn =t = [[(tn = ) = (tm — w)|| < [Jun — ul| + [Jum —ul| <&
—_—— ———
<e/2 <e

Metaphorically speaking, this means that in a convergent sequence {u,} > the elements
must move closer each other as soon as the numbering n of the sequence elements is getting
larger and larger:

Yn,m > no(e), lwn — uml|| < e.

Remark that this property does not need the knowledge of a limit point, it is an “inner”
property of the sequence.
This phenomenon will play a central role in what follows, so we fix it in a definition.

The notion of Cauchy sequence

Definition 201.
Given: A sequence {u,}] in a normed space (X, || - ||)
we say: the sequence {u,, } ' is a Cauchy sequence iff:
for any given tolerance ¢ > 0, there exists a threshold ng = ng(e)
such that

”un - um” <é Vn,m > ng

(i.e. the elements in the tail are close each other).

As we have seen above, the following result holds

Proposition 202.
Every convergent sequence {u, }1> in a normed space is a Cauchy sequence.

Cauchy < convergent?
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Proposition 203.
Any Cauchy sequence in R (or in C) is convergent.
This is no longer true in Q.

Thus, unfortunately, we cannot establish the convergence of a sequence by showing that the
sequence is a Cauchy sequence, unless we are in a “nice” space (like for example R) where
the convergence of any Cauchy sequence has be established.

“nice” space X

“not nice” space X

any sequence {u, },'>] in this space is

Cauchy <= convergent \ Cauchy <= convergent
examples of such spaces are

R Q

equipped with the norm | - | | equipped with the norm | - |

(absolute value) (absolute value)

The following example shows that normed space that are quite “natural” may not be nice in
the above sens.

A function space with a non-convergent Cauchy sequence

Example 204.
Let us consider the space

X =C[-1,1]:={u:[-1,1] = R : wis continuous on [-1,1]} .
We equip this space by the norm
1
full = | Juo)] do.
—1

Remark that || - ||; is a norm. Indeed
e || - || is strictly positive:
This follows form ||u||; > 0, Vu € C[—1, 1] and from

|lully = /1 lu(z)| de =0 = u(z) =0 (z € [-1,1]).

e || - || is homogeneous:
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5.2. Normed spaces and convergence

For v € R and u € C[—1, 1] we have

oy = [ ot dr=lal- [ jute) do

= laf - [lullx-
e || - || satisfies the triangular inequality:
For u, v € C[—1, 1], we have
1
Jut ol = / ju() + v(x)| da
-1 —
[u(@)+v()]

1 1
< / Ju(a)| de+ / jo(@)] dz = [lull + |lo]h.

1

We consider now the sequence of functions {u,, } /> in C[—1, 1] given by

0 ifx <0
Up(z) =< n-x ,if()gxgi
1 ,ifxzi.

This sequence is Cauchy in (C[—1,1], ] - ||1), since we have, for n < m

l/n 1
ltm — tells = / () — ()] i < ©.
0 n

and thus

[tn — umll1 < €

1
,assoonasn,m > —
€

Yy

Y = um ()
1
y = un(z)

| .

SR>
s

Nevertheless, this Cauchy sequence {u,}.!>] does not converge: there exists no limit
ue C[-1,1].
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In order to show that, suppose on the contrary that such a limit u exists:
lim ||u, —ull; = 0.
n—oo

We will show that such a limit v must satisfy

u(z) =

0 ,forx<0O
1, forz > 0;

But no continuous function of this kind exists, and thus, our Cauchy sequence does not
converge.
We will only show that u(z) = 1, for x > 0, and we leave it to the reader, to verify
that u(z) = 0 for x < 0.
Suppose on the contrary that, for some £ > 0, u(§) # 1. By the assumed continuity of
the limit u, we have
u(x) #1 , for = "close" to &.

Thus, for n large enough,
|ty — ully > ¢ >0,

where c 1s some constant.
The following figure holds for n large enough:

we) -
u(x)
17 y = un(x)

What can be done when the given space has a lot of holes?

Remark 205. The space (C|—1, 1], || ||1) has the same “problem” as the space (Q, |-|): both
seems to have a lot of “holes”.
Two strategies are now possible:

1. one “fills up” the holes, as it has be done for (Q, |-
every Cauchy sequence converges.

), and one gets a larger space where

This can be done for any normed space.

2. one replaces the given norm || - ||1 by another norm || - ||2, so that all Cauchy sequences
are convergent; this implies, that it must be more difficult to be a Cauchy sequence with
respect to the new norm || - ||o than with respect to the starting norm || - ||1.

This process is impossible in finite dimensional spaces. In infinite dimensional spaces,
one may be successful, but there is no generic way that helps us when we are looking
for the new norm || - ||o.
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The notion of complete space and of completion of a space

Definition 206.
A normed space (X, ||-||) is complete if any Cauchy sequence is a convergent sequence.

Remark 207. As yet mentioned above, if a normed space (X, || - || x) is not complete, on can
enlarge this space to a larger, complete space (Y, || - ||y) with
e X CVY;

e the addition and scalar multiplication, when done in X gives the same result as when
done in'Y (i.e., operations are preserved).

e forall u € X we have

lullx = [|ully norms are preserved.

This process is called completion. It works for all spaces on the model of the completion of Q.

Remark 208. If an normed space is not complete, beside technical difficulties one may be
confronted to a “counter-intuitive” world.
Let us give a simple example!

Not complete spaces: a counter-intuitive world

Example 2009.

On the non-complete normed space (Q, | - |), where | - | is the absolute value, one may
speak about limits and derivatives of functions.

As an example, the following functions are well-defined, continuous functions having

continuous derivatives:

f:Q—=Q : z f(z):=2° with f'(z) = 2z
g:Q—=Q : z—g(x):=2  withg'(z)=0.

This is so since, for example,

yon v (w+h)P—a2* 2ah+ R B
Fo=im = =i —mlerh=2

But now, the curves y = f(x) and y = g(x) no longer intersect, despite the following
graph:
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yeQ

Complete normed spaces will play a major role in what follows: this will be the topic of the
next chapter!
We end this chapter with a remark about normed spaces viewed as topological spaces.

5.3. Normed spaces as topological

spaces
Normed spaces are topological spaces
As yet mentioned, in a normed space (X, || - ||) we have a notion of distance given by
dist(u,v) := ||[v — ul|, for u,v € X.

The notion of convergence was based on this notion of distance.
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Definition 210.
Given:

we define:

e (X, |- ||) anormed space

e uy € X and € > 0 kept fixed

an e-neighborhood of 1, as:

Uc(ug) ={u e X : |Ju—upl <e}

Open and closed sets

Definition 211.

1. Given:
we say: M is open iff:

A set M in a normed space (X, || - ||)

VUO eEM
Je > 0 such that U, (ug) C M.

on the given point v

(R the choice of € > 0 depends
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2. Given: A set M in a normed space (X, || - ||)
we say: M is closed iff:
its complement G/ is open.

3. By an open neighborhood of 1y we mean an open set containing .

Another formulation for a set to be closed

Proposition 212.
Let M C X be a subset in a normed space (X, || - ||).
Then the following statements are equivalent:

o M is closed;

e whenever u,, — u with u,, € M (for all n), we have uw € M, i.e. every limit point
u of a sequence {u, }> in M belongs to M.

Proof. (I): We show that, if ) is closed, then every limit point « of a convergent sequence
{u,} 27 in M belongs to M.

So let {u, }> be a sequence in M converging to some point u € X. We must show that
ue M.

In order to show this, assume on the contrary that this is not the case and that

ueCM.
But M is closed, so its complement CM is open. Thus, 3¢ > 0 such that

U.(u) c CM.
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5.3. Normed spaces as topological spaces

M
\4411/‘
Now,

lim ||u, —ul| =0

n—o0
implies that

|un —ul| <€ as soon as n is large enough, say n > ny
so that
Uy, € U-(u) , forn > ny.
But this would mean that
u, &€ M , for n > ny,

a contradiction to our hypothesis.

(I1): We show that, if the limit point u of any convergent sequence {u,,} > in M be-
longs to M, too, then )M is closed.

In order to prove this, we assume on the contrary that M is not closed, and we construct
then a convergent sequence {u, },'> in M whose limit point u does not belong to M.

Since M is assumed to be not-closed, there exists some u € CM such that, Ve > 0,

U(u)N M # @.
One chooses now, forn = 1,2, ..., an element

up € U (u) N M.

Clearly
lim u, = u
n—oo
with u,, € M (for all n) and u ¢ M. This is a contradiction!
So we are done! [
Closed balls are closed
Example 213.
In a norm space (X, || - ||), one can consider closed balls with center uy and radius
r > 0:

By (ug) :={ue X : |Ju—upl <r}.
Any such closed ball is closed.
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Indeed, if {u, }125 is some sequence in B, (ug) converging to some point i, then

|tn, — || <7 Vn

implies, by continuity of the norm,

|la — uol| <, sothatu € M.

Thus B,.(ug) is closed.
Open balls are open

Example 214.

In a norm space (X, || - ||), all e-neighborhoods

Uc(ug) :={u e X : ||lu—mupl <ce}.

are open: thus we may speak of open balls with center uy and radius € > 0.
This follows from the fact that, for every u € U, (ug), we have

Us(u) C Uc(up),

if 0 :=¢e— ||Ju— -
Indeed, Vv € Us(u), we have

HU - UOH < ||U - UH + ||U — u0|| <+ ||u — uOH =g,
so that v € U, (up).

NN
v .
2 ’ J

N
4 [ 7% N
/’ \ / \
\ \
w0
i > \
I uo
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6. Banach spaces

6.1. Definition of Banach spaces

The notion of Banach space

Definition 215.
Given: A normed space (X, || - ||)
wesay: (X, | -||) is a Banach space (or a B-space) iff:
(X, || -1]) is complete, i.e iff every Cauchy sequence {u, },;12 in X is
convergent.

Remark 216. The space (Q, | -
not a Banach space.
The space (R, | -

), where | - | is the absolute value, is not complete, and hence

), where | - | is the absolute value, is complete, and thus a Banach space.

Remark 217. The above considered space (C|—1,1], || - ||1) where

lull = / Jula) da

is not a Banach space.
As for R, this space may be embedded in a larger space L'(R, ZB(R),\') that will be a
Banach space (see below).

6.2. Examples of Banach spaced

Example 218.
We equip the linear space (KV, +,-), for N = 1,2,3.. ., with
”x”OO = 123%}5V|§]|7 ,Wherex: (§17‘-'7§N)’
Remark that || - || is a norm on K¥. Indeed

e Strict positivity: We have ||z| > 0, Vo € KV. Moreover

|]|oc = max || =0 <= & =0forj=1,2,...,N

1<j<N
— z=0.
e Homogeneity: We have
o]l = mas |a-&] =] - max [&] = |a - |l
=lal-|¢;]
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e Triangular inequality: We have

|4yl = max & +n|

<I&jl+I[m;l

max [6;] + max |n;] = [[2llec + [|ylleo-

IN

We show now that

(K™, || - ||s) is a Banach space.

In order to show this, we must show that any given Cauchy sequence in KV, say

{zahi2y (witha, = (" 7)),
is convergent. Thereby we recall that being a Cauchy sequence means
Ve > 0,3dng = ng(e) s.t.
|Zn — m||o < € as soon as n,m > ny.
Remark that, for k =1,2,..., N

6 — &™) < mazi<jenl€” — £ = [|zn — .
Thus, if the given sequence {z,,};'>] is Cauchy,

every sequence {51(:)} in Kis Cauchy (k =1,2,...,N)
and thus convergent:

37}130105;”) =& €K, fork=1,2,... N.

This means that every component is convergent.
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6. Banach spaces

l column is a Cauchy sequence
. 1 1
2 N 1 N 343
) 2 2
ma: @ @ e?, D ﬂ
R LR LY I

5" — €] < maxycpen |67 — 6] <&

Tt ) gl e em L

LD fee

§, &, & A T Tm

Put now
r=(&,...,&nN).
Then
lim z,, =z
n—oo
since

N
2n — 2|00 = max. !53(”) —§| < Z IEJ(") — & —0asn — oo
SIS j:lw_/

—0as n—o0
Thus for example RY is a Banach space, when equipped with the norm

HxHOOZIISnJaé}J(V‘fj’? ’ifx:(fla"'vgN)-

This norm is less common, than the usual Euclidean norm

]2 =

The questions arising now in a natural way are the following:
1. Is || - ||]2 a norm?
2. Is RY, when equipped with this norm || - ||o, still a Banach space?

In order to give answers to these questions, we need a result known as Schwarz inequality

Schwarz inequality
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Proposition 219.

Hyp x=(&,...,¢én)andy = (n,...,1N) eERN for N =1,2,3,....
Concl We have

Proof. From
0 < (a%b)* = a®+ 2ab + b*

we get the estimate
+2ab < a*+b*  (forallaandb € R.)

Let us put
. Sk . un
a = N—21/2 and b = N—21/2
<Zj:1 fg) (Zj:l 77j>
so that ) )
28 & ur

(o)™ (The)” TuE Tag

Summing over all k, we get
N N N
251 Sk D j-1 & n > i i _ 5
1/2 12 = N 2 N o %
<Z;V:1 5?) . (Zjvzl 77]2> Zj:l 6_7 Z]:l 5_]

1.€.

+ Zjvzl fknk <1
N o 1/2 N 1/2 =
(=) (Sh)
or N
1 S Zj:l fknk <1

N 1/2 N /2 =
<Zj:1 5;) ) <Zj:l 77]2)
Hence, squaring up, we get

N 2
<Zj:1 gknk> <1
N N C =

2518 2

This gives the desired claim! ]

We can now address the first of the above questions:
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Proposition 220.

Hyp
e N=1,2,3...

o || ]]2: RY — [0, +oo[ given by

forxz = (&,...,6x) €RY,

||93||2 =

Concl || - |2 is a norm on (RN +.-).

Proof. e Strict positivity: We have ||z||; > 0, V2 € RY. Moreover

= max [§|=0<= 2z =0.

HxHQ - J<1I<N

e Homogeneity: We have

lov- ]2 = = laf - [lz]2-

e Triangular inequality: We have, by Schwarz inequality,

2

Mz

|z +yl3 = &+ nj)

: W
—5 +2§] nj +77]

1/2 N 12 N
S (Z@?) - <Zn§) Ly
j=1 J=1

=113 + 20zl llyll2 + v 113
([l + lyl1*)®
lz+yll: < llzlla + lyll2-

VAN

Hence we are done!

We can now address the second of the above questions:
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Proposition 221.

Hyp N e€{1,2,3,...}.
Concl The linear space (RN |+, ) equipped with the Buclidean norm

N 1/2
HxHZ = (Z £j2> ) fOI".% = (Elv 000 7€N
j=1

is a Banach space.
Moreover, convergence in this Banach space means componentwise
convergent in the following sense:

lim 2, =z <= lim &Y =¢ eR,  fork=12,...,N,

n—00 n—oo

where

xn:(yl),..., ](?)) and x=(&,..-,¢&N).

Before proceeding with the proof, let us remark that:
Remark 222. In (RY, +, ), we have
lim ||z, — 2||oc = 0 <= lim ||z, — z||2 = 0.
n—oo n—oo

Hence, convergence means the same for both norms; in a similar way, ‘to be Cauchy’ means
the same in both norms.
This is so in all finite dimensional Banach spaces!

Proof. We will use the following estimates:
lzllee < llzllz < VN - flalloc

If || = maxi<;<n |&;], these inequalities follow from

N N
Gl =g <D< Y g=\/N-g=VN- |l
j=1 J=1

~—~— ~—~—
=zl =||z|lco
=[lz|2
Now, if the sequence {z,,} -, is Cauchy in (R" || - ||2) then the relation

[Zn = Zmlloo < |20 — Tmll2;
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implies that this sequence is Cauchy in (R || - ||o), too. Hence

3z € RY with lim ||z, — 7, = 0.
n—oo

Since
[E | IS VN - [2n = Zmloo,
we have
lim ||z, — z|]2 = 0, too.
n—oo
Hence the given Cauchy sequence converges with respect to || - |2, too. O
Definition 223.

Given: linear space (X, +, -) is equipped with two norms

[ Ft and - l2-

we say: the norms || - ||; and || - || are equivalent iff:
there exist positive constants a and b such that

allzly < flzfla < bllzlls Yz e X.

Remark 224. As soon as two norms || ||y and || - |2 are equivalent, the notions of ‘convergent’
and ‘of being Cauchy’ coincide.

All norms on finite dimensional Banach spaces are equivalent
For finite dimensional Banach spaces, we have the following result:

Proposition 225.
All norms on a finite dimensional Banach space are equivalent.

In infinite dimensional Banach spaces, this is no longer true.
Recall that (C[—1, 1], || - ||1) equipped with the norm

lull = / Jula) ds

is not complete and hence not a Banach space. We show now that, if one introduces another
norm on this linear space, one gets a Banach space. At the same time, we will see that com-
pleteness reduces, in this case, to a fundamental property of uniform converging sequences.
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Proposition 226.
The linear space (Cla,b],+, ) (with —oco < a < b < +00) can be equipped via
ol = s [u)]

with a norm.
Convergence of a sequence {u,(x)}. -, with respect to this norm || - || . means uniform
convergence:

Ve >0, Tng = ng(e) such that
lun(2) — u(z)| < e,V € [a,b] as soon as n > ny

(herein, ng does not depend on x).

Remark 227. Any continuous function u defined on a bounded and closed interval |a, D]
achieves its maximum. Thus

Iax |u(z)| = s, |u()]
exists as a real number, and therefore || - || is well-defined!

Remark 228. Point-wise convergence means

Ve > 0,Vz € [a,b], 3ng = no(e, x) such that
|un(x) —u(z)| < € as soonasn > ny

Clearly
uniform convergence = point-wise convergence

(uniform convergence is more difficult to be achieved).
Proof. e Strict positivity: We have ||z|| > 0, Yz € Cla, b]. Moreover

#]loc = max Ju(z)] =0 <= ¥z € [a,0], u(r) =0 <= u=0.

e Homogeneity: We have

o u(@)ll2 = mas o+ u(@)| = max [al - |u(@)| = al - max |u(2)| = o] - [u(z) |

e Triangular inequality: We have

Vo € o b, u(@) +v()] < Ju(z) + |v(2)] < max fu(y)| + max ju(y)],

a<y<b
=lu(z)|loo =[|v(z)|l
so that
[u(z) +v(@)llo = max Ju(z) +v(z)] < [lu(@)]leo + [[0(2)]
Hence we are done! [
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The Banach space (C[a, D], || - ||o)

Proposition 229.

Hyp
o —00 < a<b< +oo kept fixed

e the space
Cla,b] :={u: [a,b] = R : wis continuous}
equipped with the norm ||u|| s := max,<,<p |u(z)|

Concl The space (Cla,b], | - ||oo) is @ Banach space.

Proof. Let {u, }2 be a Cauchy sequence in (Cla, ], | - ||so). Thus, for any given tolerance
e > 0, there exists a threshold ny = ny(e) such that

|tr, — Um||oo = max |u,(z) — uy(z)] < e assoonasn,m > ny.
a<z<b
Thus, YV € [a, b] kept fixed,
|un(x) —um(x)| < e assoonasn,m > ng.

But this means that, V2 € [a, b] kept fixed, the sequence {u, ()} . as a sequence of real
numbers, is a Cauchy sequence. Thus, the following limit exists for each = € [a, b]:

Remark that the value of this limit depends on x.

J/i un(z) for a fixed z is a Cauchy sequence
Yy
y = un(x)

;

IS}
. 8
S

[t () — um ()] < maxa<y<p [un(y) — um(y)| < ¢

Yy = um(z)

y =: u(x)
/'/ the different limits lim,, o, w, ()

for x fixed define a function
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Recall that, Vx € [a, b] kept fixed,
|un(x) — um(x)| < e assoonasn,m > ny.
Thus, Vz € [a, b] kept fixed,
|un(x) —u(x)| < e assoonasn > ny,

ie.
|t — tlloo = sup |u,(x) —u(x)] < e assoonasn > ny.
a<z<b
This means, that the sequence of continuous functions {u,(z)} -, converges uniformly to a
function u(z); thus u is continuous, too.
We have established the existence of a limit v € Cla,b] for any Cauchy sequence in
Cla,b], || - ||so- Thus we are done! O

The coupling of geometry and analysis

We have used the fact that the uniform limit of a sequence of continuous functions is a
continuous function.

This is a ‘standard result’ in analysis; for completeness, we give a proof below.

We invite the reader once more to be fascinated by the fact that the completeness in the
present case, a somewhat geometric or topological property, can be interpreted as a deep
result in analysis.

The above announced proof

Proof. Consider a sequence {u, ()} of continuous functions, defined over a bounded and
closed interval [a, b]. Suppose that this sequence converges in a uniform way; this means that,
for any given tolerance ¢ > 0, there exists a threshold ny = ny(e) with

max |u,(r) —u(x)| < e assoonasmn > ng.
a<z<b

We show that

’ the limit function w is continuous, too. ‘

Consider a fixed point = € [a, b] and let us show that the limit function u is continuous at
this point Z. Thus, we must show that, given any tolerance £ > 0, there exists a § = d(¢) > 0
such that

lu(z) —u(z)| <e, Vae€]z—906,740N]a,b].

u(z) |- -
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So let us fix some tolerance £ > (. Due to the uniform convergence, there exists a threshold
no = no(e/3) such that

[t () — u(z)] < >
argjgb Uy (T u(x 3 as soon as 1. > ny.

But the function u,,, is continuous; thus there exists a § = d(¢/3) such that

g () — g (T)| < g Va €]z — 6,7 + 6[N[a, b]

Thus we get, Yz €]z — d, = + d[N]a, b],
u(z) —u(Z)] = |(u(@) = tng () + (tny (2) = Ung (7)) +
+(tn (T) — (7))

< gF+5+5=¢€
3 3 3
Y
w@) +e b o
y’ I y=u(z) —e/3
/// ‘/711“‘
u(x) - 7 y = u(z)
ung(w) T<:/3 /3 - FREEREN
<e/3 ey |- N
T 4 5 Ny =u(z
Ung (2) o S v = (@) +¢/3

u(z) , )

e
8
8
o

]

6.3. Properties of Cauchy sequences

Cauchy sequences play a major role in Banach spaces, since the concepts of
e convergent sequences and
e Cauchy sequences

coincide in such spaces.
Thus, tools allowing to check the “Cauchy property” are welcome!
Let us give such a tool.
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Checking the Cauchy property

Proposition 230.
Hyp  asequence {u,} > in a normed space (X, || - ||)
Concl
1. If

oo
Z |lwjs1 — ujl| < +o0 (i.e. this series is convergent)
=1

then {u,}'> is a Cauchy sequence.
2. Hence, if X is a Banach space, any sequence {u,, }° with

o0
D llujer — us]] < +o0
j=1

converges.

Proof. The proof relies on the fact that, for m > n,

tn = tmll < fJun = Unga || + |tngr — tngal| +

Fllunte = tnysll + - 4 [Jum-1 = umll

< unsr = nll + Juntz = wnga|[ + - -
[e.9]
= > s —
j=n
< ¢
if n is large enough. O

When analyzing the convergence of a given Cauchy sequence {u, },/>S in a normed space
(where we ignore wether or not this space is Banach, or where we know that this space is not
Banach), we need the following tool in order to show that this Cauchy sequence {u, }.t2] is
converging.

Checking the convergence of a Cauchy sequence

Proposition 231.
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Hyp  {u,}!2 is a Cauchy sequence in a normed space (X, || - ||).
Concl  If this sequence has a convergent sub-sequence {u,, },, with

lim w,,, =u
k—oo et ’

then the whole sequence is convergent with

lim u,, = u.
n—o0

6.4. The Banach spaces LP(X, .7, i)

The L’-spaces are Banach spaces

Proposition 232.

Hyp 1<p<+o00
Concl For the space

LP(X, o p)  resp.  Le(X, o, p)

are Banach spaces.
Hence, every Cauchy sequence {f,}>5
gent, i.e.,

in these spaces is conver-
3f € LP with lim f, = f,
n—oo

where LP stands for LP(X, o, ju) resp. LE(X, <7, ).
Thereby lim,, . f, = f means

lim an - f”P = 0.
n—oo

We prefer the notation f,, — f in LP.

Remark 233. The proof of the above proposition gives an additional result:
There exists a sub-sequence { fy, } -, with

lim fp, (z) = f(z) p-ae.

n—o0

Proof (For 1 < p < co). It is enough to show that any given Cauchy sequence { f,,}/>] has a
convergent sub-sequence.

The proof of this fact will be subdivided into several steps:
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1. First of all, we will construct a specific sub-sequence {f,, },-, with the aim to show
that this sub-sequence converges in L”.

2. In order of have an idea of the corresponding limit function f, we show that our well-
chosen sub-sequence { f,,, } -, converges p-a.e. to some function f.

3. Then we show that limy,_,« || f, — f]l, = 0.
4. In a last step, we show that f belongs to the space L”.

(I) The choice of the sub-sequence If { f,,} 125 is a given Cauchy sequence, we may extract
a sub-sequence in the following way.
Remark that, for k =1,2,3,...

1 1
Ing, == ng <2—k) such that || f,, — fu,ll, < o for all n > ny.

We consider now in what follows the subsequence

{fr iz

and we show that this sub-sequence converges to some f in L.
(IT) The p-a.e. convergence of this sub-sequence
We claim that the sub-sequence { f,,, } 7=, converges pi-a.e. to some f € Z(X, /).
In order to prove this, we put

gk‘ = fnk+1 - fnk

1.€.
g1 = fnz - fm
92 = fng - fng

g3 = fn4 - fn3

and we remark that

g+9+95 = fo— fr
k
Zgj = fnk+1_fn1
j=1

fork=1,2,3,.... Moreover
1
lgilly = 55

so that

k k k
1
I gl o < D2 gl o < D° 5 < 1.
Jj=1 j=1 j=1
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Hence we get, by monotone convergence
) k
IS ot = 1 i S lgsl
7j=1 7j=1
k
= 1 . <
lim || 2 gl [l < 1
j=

so that the series

k [e.e]
{Zg]} = {fnk+1_fn1}:3:1
J=1 k=1

converges absolutely p-a.e..
This imppies that the sub-sequence { f,,, },, converges p-a.e. to

(Zg] ) + fon ().

(IIT): Moreover, limy,_, || f», — f|l, = 0, where f is the abvoe defined function:

Indeed
[ 1@ = @)l duto) = [

= /hm |fnk fnj}p dp

X J—00

- / lim inf ‘fnk fn].|p du

X Joreo

p

dp

fnk - .lim fnj
J]—00

< timint [ |fo £ " do
X

J]—00

i ([ Vo) = S d mfmglmizo

k—o00

(IV) It remains to show that f € LP(X, o/, ) resp. f € LL(X, o7, p):
This is indeed the case since

J 1r@F du) /u — fudl? du() /mkwm¢>

—0 as k:—>oo

< —Ho0.

What we have shown now is that any given Cauchy sequence { f,,} /> has a convergent sub-
sequence convergint in L” to a limit function f belonging to L* (X, <, ) resp. L{(X, <7, ).
Thus the whole Cauchy sequence converges to this limit funtion f in LP(X, .o/, i) resp.
LE(X, o, ).

This gives the desired claim! ]

162
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Lr-spaces over spaces of finite measure

Proposition 234.

Hyp (X, o, 1) is a measure space with (X) < +oc. Tyical examples
are

o X = [a,b] and = \' with —00 < a < b < 400;

e /i, a probability.

Concl Then, for 1 < p < oo, we have
(X, o, p) CLNX, o, ) resp.  LE(X,o,p) C Le(X, o, )

with

1 1
Il < ()Y ([ fllp,  where as usual Sl

(withq = 1if p = o).

Proof. For p < oo, the claim follows from

J @l dute) = [ 1 r@)] duta)

€Lt err

< (XN (1 f -

For p = oo, the claim follows from | f| < || f| p-a.e. and

I = /X|f|du<a:>

/X 1l i) = 11 1 /X e
1o - 1),

IN
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7. Operators and fixed points

7.1. Operators as mappings

Definition 235.
An operator
A:MCX =Y u— Au

is a mapping with domain M, target Y and range A(M) C Y.
Remark that M = X is possible.
We introduce the notations

dom(A) := M

for the domain and
Ran(A) := A(M)

for the range of an operator A.

Definition 236.
A functional f is an operator with target K:

f:McX-K

A first kind of integral operators

Example 237.
Suppose that —oco < a < b < +00.
We may consider the operator

A: Cla,b] — Cla,b], uw Au
defined by \
(An)@)i= [ Fapu) di (o€ fab),

where
F:la,b] x [a,b] x R = R

is a given continuous function.

Remark that inside the above integral, = plays the role of a parameter: the resulting
integral thus depends on .

Remark that, due to the continuity of the so called kernel F', the resulting function

b
£ (Au)(z) = / Fleyu) dy, (€ [ab]),
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7.2. Banach’s fixed point theorem
is continuous if the function
u:[a,b] - R

is continuous.
Such operators are called integral operators.

A second kind of integral operators

Example 238.
Suppose that —oo < a < b < +00.
We may consider the operator

B: Cla,b] = Cla,b], u+— Bu

defined by .
(Bu)@) = [ Fayaw) di. (e lab),
where
F :la,b] x [a,b] x R - R

is a given continuous function.

Remark that inside the above integral, = plays the role of a parameter: the resulting
integral thus depends on x.

Remark that, due to the continuity of the so called kernel F', the resulting function

v (Bu)@) = [ Flepa) dy. (€ o)
is continuous if the function
u:[a,b] > R

is continuous.
Remark that this kind of integral operators can be considered as a special case of the
integral operators considered in the previous example.

7.2. Banach's fixed point theorem

7.2.1. Fixed points

Fixed points problems may appear in a natural way
Let us consider an operator B : M C X — Y and the generic problem of “solving the
equation”
Bu = v,
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7. Operators and fixed points

where v € Y is given and where we are looking for (at least) one solution v € M.
If X =Y, this equation may be written as

(Bu—v)+u = u.

So, if one sets
A:MCcX—X, u— Au:= Bu—v+u,

the above equation reduces to a fixed point problem

Au=u foru € M.

7.2.2. Fixed points obtained by iteration

Solutions of a fixed point problem may be obtained by iteration
So let us consider a fixed point problem

Au = u,
where A : M C X — X is a given operator. We consider the following process:

{ choose any starting point ug € M

compute in an iterative way w1 = Au, ,forn=1,23,....

—+00

We expect, under suitable conditions, that the above process gives us a sequence {u, }, 25

converging to a fixed point of A.

X X

: AUQ

Aul
A
Un—1 f Uy, = Aun_l
A
Up, } Upt1 = Auy,
n— oo n— oo

= u = Au (by continuity)

N
\
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7.2. Banach’s fixed point theorem

A first necessary condition
In order to be well-defined, the above process

ug € M
Upy1 = Au, ,forn=1,2,3,....

can be used only if
A:MCX — M.

Remark 239. Since we expect that the above defined sequence {u, }'> converges to a fixed
point u, it may be wise to impose the condition that M is closed.

Remark 240. We will be able to show that the above defined sequence {u,,}'> is, under some
conditions, a Cauchy sequence, and thus

Ju := lim w, € M

n—o0

if we assume that X is a Banach space.
Remark 241. As soon as the convergence lim,,_,, u,, = u € M is established, we can take
the limit in
Upt1 = Aun
and we get

u = lim Au, = A lim u, = Au,
n—o0 n—oo

i.e. U is a fixed point; however, the above arguments is only valid if the operator A is continu-
ous.

Collecting all these remarks, we are ready for Banach’s fixed point theorem.
Remark that we still have no idea how to guarantees that the above sequence {u,, },> with

ug € M
Upy1 = Au, ,forn=1,2,3,....

is a Cauchy sequence.

7.2.3. Fixed points of contractive operators

Proposition 242.
[Banach’s fixed point theorem (1920)]
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7. Operators and fixed points

Hyp  Suppose that (X, || - ||) is a Banach space and that
McCX (with M + &)

is closed.
Consider an operator

A:M—-M, veMw—Aue M
that is k-contractive with 0 < k<1, by this we mean that

|Au — Av|| < k- ||Ju — v]|, Yu,v € M.

Concl

1. Existence and uniqueness:

There exists exactly one fixed point u. € M:

due M with Au=ua.

2. Convergence of the iteration process:
Yug € M, the sequence {u,}: defined by
Upy1 = Auy, ,forn=1,2,3, ...

converges to the unique fixed point u. Moreover

n

1—k

[un —ul| <

(a-priori estimate for the speed of convergence).

llur — uol|, forn=1,2,3 ...

Proof. (I) Uniqueness of the fixed point:

Suppose that
Au=u and Av = .
Then
|u—vl| = [|[Au — Av[| < k- |lu — v

1.€.

(1=Fk)flu—v]|<0

——

>0

so that

Ju— ]| = 0.
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7.2. Banach’s fixed point theorem

Hence we get u = v, and this shows that the fixed point is unique.
(I1) The recursively constructed sequence {u, }, > is a Cauchy sequence:
Forn =1,2,3,..., we have

s = tall = At = At} < - it — |
= k- [|Aup1 — Aupof < k- -1 — Un—2|

< K" flur — uo]
Hence, form =1,2,3, ...,

|tngm = unll = ||(Unsm — Ungm—1) + (Untm—1 — Ungm—2) + - - -

ot (U — )|

m
= 1D (tngs — tngjm1) |
j:
m m
< Mty = ol <Y E T Jug — |
= i=1

< k" (Z kj) Jur — uol| = k" - 17 [|ur — uol|-
=0

This shows that the sequence {u,, }.'>] is a Cauchy sequence.
Hence this sequence converges (since X is a Banach space) and the limit point

u:= lim u, € M
n—oo
(since M is closed).
(IIT) Existence of a fixed point: « is a fixed point.

Indeed, the estimate
|Au, — Aull < k- [, — al

shows that
lim Au, = Au.

n—oo

Remark that this simply means that the operator A is continuous.

Taking the limit in

Un41 = Aun
we get
u = Aq,

i.e. u is a fixed point of A.

(IV) The a-priory estimate:
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7. Operators and fixed points

Taking the limit m — oo in the above derived estimate

n

1—k

[t —unl < ur = woll

we get the desired estimate

n

—k

g = wnll < 77— - [l = wol|

7.2.4. An application to ODE

The initial value problem
We consider the initial value problem

{ u(t) = f(t,u(t))  ,fort € [0,b]
u(0) = wug

(with b > 0 fixed), where the initial condition uy € R as well as the continuous function
f:0,0] x R — R, (t,u) — f(t,u)

are given.
We are looking for a function

w: [0,0] = Rt — u(t)

such that
u(t) = f(t,u(t)), vt € [0,0].

An equivalent formulation of the initial value problem
An equivalent formulation of this initial value problem is

Find u € C[0, b] such that

—uo+/fTu dr, ¥te|[0,0].

Therefore, we introduce the operator

A:C’[Ob}—>C’[Ob] ur—>Au

(Au)(t) := u0+f0 u(r)) dr, Vt € [0,b].
As usual, we equip the space C'[0, b] with the norm

]| oo = mnax lu(t)]|

and we recall that (C|0, b], || - ||o) is @ Banach space.
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7.2. Banach’s fixed point theorem
Final formulation of the initial value problem
Given:
e a continuous function f : [0,0] x R - R
e an initial condition uy € R.

Find: a fixed point
Au = a, u e C|0,0]

of the mapping
A:C[0,b] = C[0,b], u+— Au
{ (Au)(t) == uo + fg f(ryu(r)) dr, Vtel0,b)].

We can apply Banach’s fixed point theorem if the operator A is k-contractive with 0 < k <

1.
Remark that
|Auy — Auglloe = sup /f(T,ul(T))—f(T,UQ(T)) dr
o<t<b |.Jo
< swp [ fmn() - fn )]
o<t<bJo N

>0
b
< [ - )] dr
0
In order to proceed, we need an additional hypothesis on f!

An additional hypothesis of f
Let us assume that the given function

f:]0,0] xR —= R, (1,u) — f(r,u)
is
1. continuous in the first variable 7 and
2. Lipschitz continuous in the second variable:

3L > 0 with
|f(r,u1) — f(m,u2)| < L-|uy —us|, Yui,us € R,V €[0,0]

Let us remark that the above Lipschitz-condition holds if for example f has a continuous
derivative with respect to the second variable u with

‘aif(r, w)| is bounded for (7,u) € [0,b] x R.
u
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7. Operators and fixed points

We can now proceed in the above computations:

4w = Al < [ |fm () = fr ()] dr

-~

<L fur (1) —u2(7)|

< L -/0 lul(T) —u2(7')l dr

~—
<maxg<g<p [u1(z)—u2(z)

b
< L.||u1—u2y|oo./ dr
0

If L-b< 1lie. if b > 0 is small enough, we can apply Banach’s fixed point theorem and

we get a unique solution to our initial value problem.
We formulate this result in a proposition

Theorem of Picard-Lindelof

Proposition 243.

Hyp  Suppose given:
e afunction f : [0,b] x R — R with

1. continuous in the first variable T and

2. Lipschitz continuous in the second variable:

dL > 0 with

e an initial condition ug € R.

Concl The initial value problem

{ u(t) = f(t,u(t)) ,fort€|0,b]
u(0) = g

has exactly one solution provided that b - L < 1. This last condition
can be satisfied by reducing, if necessary, b > 0.

|f(r,ur) — f(m,u2)| < L-|ug —us|, Vui,us € R,V7r €0,
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7.3. Continuous operators

7.3. Continuous operators

Let (X, | - ||x) and (Y, - ||y) be normed spaces over K, and let

A:MCX—=Y, u— Au

be an operator.

The notion of continuity

Definition 244.

1. The operator A : M C X — Y is sequentially continuous if :

for each converging sequence {u,, },'> in M with:

lim w, =u, uwueM

n—o0
we have
Au = A(lim u,) = lim Au,.

n—oo n—oo

2. The operator A : M C X — Y is continuous if :

Yue M, Ve>0
36 := (u, €) > 0 such that

EU’E—]\;”X < o(u,e) } — || Au — Av|ly <e.

If the threshold d(u, €) can be chosen in such a way that
d:=0(¢e)

does not depend on u (same value for all v € M!), then A is said to
be uniformly continuous.

Remark 245. In normed spaces, both notions of continuity coincide:

A sequentially continuous <= A continuous

In a more general setting of a topological space, this is no longer the case!

k contractive operators are continuous
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7. Operators and fixed points

Proposition 246.
Every operator

A:MCX— X, (X, || - || x a normed space)
that is k-contractive in the sense that

Yu,v € M, |Au — Av||x < k- ||lu—v|x

(with a fixed k > 0) is uniformly continuous.

Proof.

Continuity is preserved under composition

Proposition 247.

Hyp  Suppose that X, Y and Z are normed spaces and consider the oper-
ators

A:MCcX—Y and B:AM)CY — Z.
We can the consider the composed operator
C:=BoA:MCX—>Z
defined by
Cu := B (Au), Yu € M.

Concl
A continuous

: } = (' = B o A continuous
B continuous

M AMy——— 2

~A 0 B

C=BoA
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7.4. Convexity

Proof. Consider a sequence {u, }:7>5 in M with

lim u, = u, e M.

n—o0

Then

e Since A is continuous, we have

Au = A(lim wu,) = lim Au,.

n—oo n—oo
e Since B is continuous, this implies

B(A(u)) = B(A(lim u,)) = B(lim Au,) = lim B(A(u,)).

n—o0 n—oo n—oo

This gives the desire claim. [

The notion of homeomorphism

Definition 248.
Given: subsets M and N of normed spaces and an operator

A: M — N

we say: A is a homeomorphism iff:

1. A is a bijection; thus there exists an operator A~! : N — M
with
Aly=0 = Az =y.

2. both A and A~! are continuous.

Remark 249. The subsets M and N are said to be homeomorphic if such an operator A
exists.

7.4. Convexity

7.4.1. Convex sets
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7. Operators and fixed points

Definition 250.
Given: aset M in a linear space X (over K)
we say: M is convex iff:

wveEM=a-u+(1—-ajveM, Vacl,l].

Remark 251. Remark that
aut+(l—ajv=v+a-(u—1).

Thus, o - u + (1 — a)v, with o € [0, 1] is the line segment between u and v.

Remark 252. A set M is thus convex, if the segment joining any two given points u and v € M
remains in M:

Example 253.
Consider, in a normed space (X, || - ||), the closed ball

Bi(up) :={ue X : [Jlu—ul <r}

with » > 0 and uy € X kept fixed. We show that

B, (up) is a convex set.

Proof. Let u, v € B,(uy); thus

lu — ugl| <r and |l — ol <.
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7.4. Convexity

Then, Va € [0, 1], we have

[(eu+ (1 —a)v) —ul = [l (u—uo) + (1 — ) (v—uo)l
< aflu—ull + (1 = a)flv = uo
< ar+(l—-a)-r=r
so that
au+ (1 — a)v € B,(up).
Thus B, (ug) is convex. O

Remark 254. A similar computation shows that e-neighborhoods
Us(ug) i={u € X : |ju—upl <e}

(with ¢ > 0 and uy € X kept fixed) are convex, too.

Example 255.
In RY, on may consider, for p € [1, +oo[, the norm

]|, ==

N
Sl r=(6., . ).
k=1

Depending on p, the balls B;(0) have the following shapes in R?:

Remark, these balls are convex.

Proposition 256.
M convex —> M convex.

7.4.2. Convex functionals
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Definition 257.
Given: afunctional f: M — R, z+— f(z)
we say: f is convex iff:

1. the set M is convex (in a linear space X over K);

2. Foralluand v € M,

flau+(1—a)-v) <af(u)+(1—a)- f(v), Vael01].

g(f)

F0) qmmmmmmmm e
a fw)+(1—a) f(v) J{

(u)

f
flae-u+(1—a)-v)

%/‘/u au+(l—a) v ;
Example 258.

Consider a normed space (X, || - [|).
Then, the norm

-1 s X = [0, +00[, u [ul

is continuous and convex.
Indeed, Vo € [0, 1],

law + (1 = o] < afful| + (1 = a)ljvf]

7.5. Compactness

It is well known that on the real line R, any bounded sequence has a converging sequence.
This property is frequently used in real analysis in one variable.
This motivates the following definitions.

7.5.1. Compact sets
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Definition 259.
Let M be a subset of a normed space X.

1. M is relatively (sequentially) compact iff

every sequence {u,}> in M has a convergent sub-sequence
{u +oo.
ngJk=1"

lim w,, = u.
k—oo Wk

Remark that u € X, but both u € M and u ¢ M are possible.

2. M is (sequentially) compact ift:

every sequence {u,} > in M has a convergent sub-sequence
{ }+00.
Uny f=1"
lim w,, =u
k—o0
withu € M.

Remark that, by definition, every relatively compact and closed set
M is compact.

Definition 260.
Given: asubset M of a normed space X
we say: M is bounded iff:

JdR >0 suchthat |u| < R,Vue M.

Compact sets in finite dimension

Proposition 261.
Any bounded and closed set M C KV (N = 1,2,3,...) is compact.

Remark 262. As we will see it below, this is no longer true in infinite-dimensional spaces.

7.5.2. Minimizsation of functionals
Consider a continuous functional
f:McCX—=R, u— f(u)

defined on a subset M of the normed space (X, || - ||).
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The question of the existence of a minimizer
Question: Does there exists some element 4 € M such that

fu) < flu), YueM

i.e., some element © € M with

f(a) = inf f(u)?

ueM

Answer: Let us start with a minimizing sequence
We put
= inf RuU{-
a:= inf flu) (€ RU{-c0})
and we consider a so called minimizing sequence {u,,}'> in M. Thus we consider a sequence
such that

f(uy) is non-increasing with lim f(u,) = a.
n—oo

Answer: we need additional assumptions
In order to proceed, we assume that

+oo
{u,} 2] has a convergent sub-sequence.

Without loss of generality, we denote this sub-sequence by {u,, } /> again, and we put

u:= lim wu,.
n—oo

Let us assume moreover that
uec M.

This is the case if the subset M is closed.

Answer
Thus, by the assumed continuity of f, we get

f(a) = lim f(u,) =a = inf f(u).

n—o0 ueM

Answer: Conclusion
Thus we may conclude that a minimizer exists under the above given assumptions.
Let us formulate this result in a proposition.
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Proposition 263.

Hyp  Consider a continuous functional
f:MCX—>R, ur f(u)

defined on a subset M of the normed space (X, || - ||)-
Assume that M is compact, i.e.

e every sequence {u, }"> in M has a convergent sub-sequence,
nfn=1

e whose limit point u belongs to M.

Concl The functional f admits its infimum:

Ju € M with f(u) = inf f(u).

ueM

On short we say

Ju € M with f(u) = mj\}n f.

Corollary 264.

Hyp Consider a continuous function
fiMcCX-—>R, ur f(u)

defined on a subset M of the finite-dimensional normed space
(KN, || - |) with N =1,2,3, ...
Assume that

e M is bounded

e and closed.

Concl The function f admits its infimum:

Ju € M with f(u) = inf f(u).

ueM
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7.5.3. Compactness in infinite-dimensional spaces

In infinite dimensional spaces, there exist subsets M/ that are bounded and closed, but that are
not compact.

We given now an example of such a set M in C'[a, b].

In the next subsection, we will characterize relatively compact sets in C'[a, b] (Theorem of
Arzela-Ascoli).

Proposition 265.
Hyp Consider the linear space (over R)
C'a,b] := {u : [a,b] = R : u has continuous derivatives on [a, b]}

(with —oo < a < b < +00), equipped with

lully = [l + l[¢lloc
— /
= max [u(z)| + max |u'(z)|.
Concl || - ||y is a norm and (C*[a,b], || - ||1) is a Banach space.
Proof. We will only show that (C'[a, 0], || - ||;) is complete, and we leave it to the reader, to

check that || - ||; is a norm.
So let {u, },:> be a Cauchy sequence in C[a, b], and let us show that this sequence has a

limit point in C*[a, b].
To be a Cauchy sequence means

Ve >0
dng = ne(e) such that
|tun, — uml|1 < € as soon as n,m > ny.

Recalling that ||u||; = ||u||le + [|t|| 00, We may conclude that both
{un}nZ and {ug %

are Cauchy sequences in the Banach space (C|[a, b], || - ||o)-
Thus, both sequences converge in (C|a, b], || - ||o0):

Ju € Cla,b] suchthat lim ||u, — ull =0
n—oo

Jv € Cla,b] suchthat lim [ju), —v|e =0
n—oo

If we can show that «' = v, then we have

lim |lu, —ully =0 with u € C'[a, b];
n—o0
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this is the desired result that (C'[a, b], || - ||1) is complete.
We can show that ' = v in the following way. We have

Un () = uy(a) + /x up (€) dé, Va € [a,b].

As a convergent sequence, the sequence {u/, },' is bounded in (C[a, b], || - || ), Say

Junlloe = max fun()| < B,V
Using the majorating function w(x) = R, we may conclude that

lim u,(z) = lim uy(a) + /x lim (&) d§, Va € [a,b]

n-s00 n—s00 n—>00
1.e.
w(z) = u(a) + /xv(ﬁ) dg, YV € [a,b],
so that u/(z) = v(x). O
We give now an example of a subset M in C'[—1, 1] that is

e bounded and

e closed,
but which is

e not compact.

Our set M will be given by

M :={uecC'-1,1]; u(-1) =u(l) = 1,||ul; <6.}

This set M is bounded by definition; moreover it is closed since
lim ||u, —ul|; =0
n=00
with u,, € M implies
o u(l) = lim, o0ty (1) = 1 and u(—1) = lim,, o0 un(—1) = 1;

o |l = limy, o0 [[Unloe < 6.

Bounded and closed sets in an infinite-dimensional space must not be neces-
sarily be compact
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Proposition 266.
The set
M:={ueC'-1,1]; u(-1) =u(l) =1, ||julj; <6.}

in the Banach space (C'[a,b], || - ||1) is not compact, though it is bounded and closed.

The proof will be “indirect” in the sense that we will construct a continuous functional
f-M—>R, u~— f(u)
that has no minimizer in M. Thus M cannot be compact!
Proof. Let us consider the continuous functional
f:M—->R, u~— f(u)

defined by

(I) We show that f(u) > 0, Vu € M:
Since
(1-u(z)?)?*>0, Veel-1,1],

Yu e M.
= 0 would imply that

we have f(u) >0,
Moreover, f(u)

(1- u’(x)2)2 =0, Vo € [-1,1],

i.e. either v/(z) = 1orv/(z) = —1.

But both of these conditions are incompatible with the requirement that u(—1) = u(1) = 1.

Thus f remains strictly positive.
(IT) We show that inf,c,/ f(u) = 0:
To perform this, we consider a sequence {u,};>; in C'[—1, 1] defined by

.: n_ofa. 1
un(z) : n+1 -

Remark that
o u,(+l) =1,
o |lunloo < V2

o u ()= 1/#f x‘;l,so that
n

|up (2)] = 4/ noo_ kel o [ n  veErln
" n+l a2+1/n = Vn+1 /22+1/n 7

186



7.5. Compactness

o |lunlli <V2+1<6.

Thus, v, € M foralln =1,2,3,.... Moreover,

! n x? 2
= 1— . d
fun) /1( n+1 :c2+%) v

(n+1)(z2+ 1) — nxQ)z

n

(n+1)(z2+ %)

By Lebesgue’s dominated convergence theorem we get

lim f(u,) =0 and thus that inf f(u)=0.
n—o00 ueM
(IIT) Conclusion:
Thus, the continuous functional f cannot admit its infimum on M. This shows that M is

not compact, despite being bounded and closed.
O

Proposition 267.

@ Consider the closed unit ball
B:={ueX : |ul| <1}

in a normed space (X, || - ).
Concl Then
B is compact <= dim X < +oc.

7.5.4. Theorem of Arzela-Ascoli

In infinite dimensional spaces, it is difficult to decide whether or not a given set is compact.
Thus, every result that establishes the compactness of a set is of main importance. As an
example, we mention the following one:
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Theorem of Arzela-Ascoli

Proposition 268.
Consider the space X = Cla,b] with —0o < a < b < 400 equipped with the (stan-
dard) norm

oo = max Ju(z)].

Suppose that M C Cla, b| is a subset that is uniformly bounded and equi-continuous,
i.e. suppose that M is uniformly bounded:

AR > 0 such that ||u||.c < R, Yue M

ie.
AR > 0 such that |u(z)| < R, Vz € |a,b],Yu e M

and that M is equi-continuous:
Ve >0
36 = 6(e) > 0 such that

lu(z1) —u(za)| <e,  Vay,x; € [a,b] with |z, — x| < §
Yue M

Then, the set M is relatively compact in (Cla,bl, || « ||o0)-

7.6. Compact operators

Let X and Y be two normed spaces, and consider an operator

A: X =Y, uw Au.

The following situation occurs frequently:
Let M be a bounded subset in X, and let {u, },;>S be a sequence in M.
Does there exist a sub-sequence {u,, }7>, such that

the limit lim Aw,, exists?
k—o0

Remark that such a sub-sequence exists if

e M is compact, so that a convergent sub-sequence {u,, }3>, exists with limy_, u,, =
u € M, and if

e A is continuous, so that { Au,, },—100 is convergent.

Another possibility to achieve this, is to have a so-called compact operator.
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Definition 269.
Given:  An operator

A:MCcX—=Y, u— Au, X and Y being normed spaces

we say: A is a compact operator iff:

1. this operator A is continuous and such that

2. any bounded subset B C M is mapped into a relatively com-
pactset A(B) C Y.

Remark that the second condition means that, any bounded sequence {u,,} > in X has a
sub-sequence {u,, }° such that the limit

lim Au
k—o0 "tk

existsin Y.
As a standard example of a compact operator, we mention the integral operators:

Integral operators are compact operators

Example 270.
Le us consider a given, continuous function

fla,b] x [a,b] x [=r,r] = R, (x,y,u) — f(z,y,u)

where —0co < a < b < +oo and r > 0 are fixed.
This function defines an operator

A: M cC Cla,b] — Cla,bl,u — Au

with
M :={u € Cla,b] : ||ull <7}

and
(Au)(x) = / F(. €, ul€)) de.

Remark first of all that A is well-defined, since

u€ M = Au € Cla,b).
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Moreover, A is continuous.
Indeed, f is uniformly continuous. This means that

Ve >0

36 > 0 such that
u,v € [—r,7]
lu—v| <o

} = |f(x,y,u) _f($7yav)| < ﬁ7
Vo, y € [a,b].

Thus, if one considers two points u and v € M with

= vlloe = ma Ju) — v()] <4

then

£, € u(©) = (@, 6 0] < 57—, Vo€ € [abl.

Thus, u,v € M with ||u — v||o < ¢ implies that

[ du = Avle = ma |(Au)(z) — (A0)(z)
/ﬂ%& df‘/fw& »d4

-
g(g%/ﬁfx@ — f(x,&0(9)] de
< (b—a b—a =c.

This show that A is continuous (on M).
But A is not only continuous, it is even compact.
This can be shown in two steps:

1. First we show that A(M ) is uniformly bounded in Ca, b];
2. The we show that A(M) is equi-continuous.

Once this is established, we can conclude by Arzeld-Ascoli that A(M) is relatively com-
pact. Hence

B C M bounded = A(B) C A(M) is relatively bounded.
In order to show that A(M) is uniformly bounded, we put

K = max |f(z,y,u)]| (€ [0, +o0[)

a<x,y<b,—r<u<r
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7.6. Compact operators

and we remark that, for all ©u € M,

/fxfu df‘

< max/]f:cfu |d£<maX/Kd§

Mo = g llA = oo,

a<zx<b <x<b

= K(b—a)< +oc.

In order to show that the set A(M) is equi-continuous, we remark that the function f
is uniformly continuous. This means that

Ve >0
30 = 6(¢) > 0 such that
T, T € [a,b] B e
|{E2 —J,‘1| <6 } = ‘f(mlayau) f(x27y>u)’ < b—a
Yy € [a, b
Vu € [—r, 7).

For such values of x; and x5, we have, Vu € M,

b
(Au) (1) — (Au)(zz)| = / Fln,€,u()) dé — fwn,€,u(€)) dé

< / e, & u(€)) dé — Flon € u(€))] de

b

< b—

= €.

a

This shows that the set A(M) is equi-continuous.
So we are done:

A: M cC Cla,b] — Cla, b is a compact operator.

Compact operators are of a main interest, since they can be approximated by “finite-range”
operators.

Thus, a lot of properties can be expanded from continuous operators operating on finite
dimensional spaces to compact operators.

Let us formulate the above mentioned approximation:

Proposition 271.
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7. Operators and fixed points

Hyp  Suppose that
A:-MCX—=Y, uw— Au

is a compact operator, where
e X andY are Banach-spaces over K and

e M C X is bounded and such that M # &.

Concl Forn =1,2,3,..., there exist continuous operators
Ay MCX =Y

such that

1. sup,ep |[Au— Ayul| < L, ie. the approximation is uniformly
“good” on M;

2. dimspan(A,(M)) < oo, i.e. A, is an operator with a finite-
dimensional range;

3. A, (M) is contained in the smallest convex set of Y containing

A(M).

7.7. Brower fixed point theorem

We give now a second fixed point theorem, where the operator no longer must be k-coercive
as in Banach’s fixed point theorem.

Brower fixed point theorem

Proposition 272.
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7.7. Brower fixed point theorem

Hyp  Consider a continuous operator
A: M — M,
where M #+ O is a
e bounded,
e closed and
® convex

subset of a finite-dimensional normed space X.
(Thus M is a compact set!)
Concl The operator A has (at least) one fixed point u € M:

u € M such that Au = .

Proof. (Proof for the special case where M C R? is a disc)
Suppose on the contrary that no such u € M exists:
Au # u, Yu € M.
Then we can construct a continuous mapping
R: M — 0OM, (where OM is a circle in R?)

that keeps every point on the border OM fixed.
The line trough v and Aw intersects dM in two points; choose as Ru the intersection point

that is closer to « than to Au.
b
u RU
€
Remark that

o if u € OM, then Ru = v and

e Ru depends in a continuous way on u, since A is continuous.

Intuitively, such a continuous mapping where the points on dM remain fixed cannot exit.
And this can be proven in a strict way with the help of index theory. [
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Example 273.
Any continuous function

f:00,1] = [0,1], =z f(x)
has (at least) a fixed point:

3z € [0, 1] such thatf(z) = .

Example 274.
As a counterexample, consider the closed annulus M/ C R? and take as a mapping

f:M— M(x,y)— (zcosp — ysing, zsinp + ycos )

(with ¢ # 0 mod 2).
Then M not convex, and the mapping f has no fixed point.

7.8. Schauder fixed point theorem

7.8.1. The fixed point theorem

Brower’s fixed point theorem applies to operators acting in finite-dimensional spaces.

194



7.8. Schauder fixed point theorem

This result can now be extended to compact operators acting on infinite-dimensional spaces.
The proof uses the approximation of a compact operator by finite-dimensional range operators
(see above).

Schauder’s fixed point theorem

Proposition 275.

Hyp  Consider a compact operator
A: M — M,
where M + D is a
e bounded,
e closed and
e convex

subset of a Banach space X. (Thus M may no longer be compact!)
Concl The operator A has (at least) one fixed point v € M :

Ju € M such that Au = .

7.8.2. An application: Peano’s theorem for ODE

We are going to apply Schauder’s fixed point theorem to the following initial value problem:

Find u(t) such that

{ u(t) = f(t,ul(t)), fort € [0, 0] with b >
u(0) = uyp,

where
e f:]0,b] x R — Ris a given continuous function and where

e uy € Ris a given initial value.

This initial value is equivalent to the following one:
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7. Operators and fixed points

Find u € C[0, b] such that

u(t) = ug +/0 f(r,u(r)) dr, Vt € [0,0].

We give now an “abstract” formulation of this problem as a fixed point problem.
We put
K := max |f(t,u)

0<t<b
—b<u—ug<b

b
h:=min< b, —
m{, }

and

(sothat h - K < b).

U0+b

Ug -

Uo—b

h

We can give now the following formulation (as an “abstract” fixed point problem) to our
initial value problem:

Find u € C[0, b] such that

u(t) = (Au)(t),  Vtelo,h],

where .
A: M — M, (Au)(t) = ug —i—/ f(ryu(r)) dr
0
and
M ={ueC[0,h] : gg&}ﬂu(t) — ug| < b}.
Remark that

e The subset M is closed, convex, bounded and non-empty.
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e The operator A maps the set M on itself:
u(-) € M = (Au)(-) € M.

Indeed

|(Au)(t) = uo| =

IA
=
S
=
-
3
\]

A
=
S
Il

=

< K-h<b.

e A, as an integral operator with a continuous kernel, is a compact operator.

Hence we may apply Schauder’s fixed point theorem to show that there exists (at least) one
fixed point u:
uweM, Au=a.

This fixed point % is a solution of our initial value problem.
Thus we get

Peano’s theorem for ODE

Proposition 276.

Hyp  Suppose given an initial condition u, € R and a continuous function
f:00,0] X [ug — byug + 0] = R, (t,u) — f(,u).
Choose h €]0, b] in such a way that

h - max |f(t,u)| <O.
uo—b<lu<ug+b

Concl The initial value problem:

Find u(t) such that

{ u(t) = f(t,u(t)),  forte€l0,h]
u(0) = uo,

has (at least) one solution.
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8. Linear Operators

8.1. Boundedness and continuity of
linear oparators

We discuss in this section an important class of operators
A:LC X =Y, u— Au

where X and Y are linear spaces. Such operators occur for example in the description of
filters and whenever the “principle of superposition” holds.

Definition 277.
Given: linear spaces X and Y and an operator

A:LC X =Y, u— Au

we say: A to be a linear operator iff:

1. its domain L is a (non-empty) linear space (f.ex. L = X) and
if

2. the principle of superposition holds:

A(au +v) = aAu + Av, Yu,v € L,Va € K.

Remark 278. As for any operator, on may consider its range:
Ran(A) :={v €Y : v = Aufor someu € L},

ie.

Ran(A) = A(L).
If the operator A is linear, its range Ran(A) is a linear sub-space of Y .
Remark 279. For linear operator, the linear sup-space
ker(A) :={u €L : Au=0}=A"(0)

is of main interest: it is called the kernel of A.
As a linear sub-space of X, one has

{0} C ker(A).
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If
ker(4) # {0},
we say that the kernel is not trivial.
Let us mention the following property of linear operators A:

A is an injection <= ker(A) = {0}

that relays on the fact that Au = Av is equivalent to A(u — v) = 0.

Example 280.

If X and Y are finite-dimensional linear spaces, linear mappings A : X — Y are given
by matrices: every linear mapping corresponds to such a matrix (in a unique way) and
vice versa every such matrix corresponds (in a unique way) to a linear mapping as soon
as on introduces bases in X and Y':

11 Qa2 Aaiz ... Aaim

Q21 Q22 A23 ... A2y
A=

An1 Ap2 Ap3 ... Apm

where n = dimY and m = dim X.
Ifey,...e isabasisin X and fi, ... f, isabasisin Y, the

n

Aej:Zaijfi, j:1,2,...,m.

=1

Moreover, if
r=> &e;  andy =) nf;
j=1 i=1

then Ax = y means
m

N = E aijﬁj, (Z: 1,2,...771).
Jj=1
Thus we get
@11 Q12 QA13 ... Qim &1 Uil
Q21 Q22 A23 ... Q2m 3 12
Ap1 Ap2 Ap3 ... Apm gm n
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8. Linear Operators

One easily sees now, that linear operators acting on finite-dimensional spaces are con-
tinuous: the result Ax changes as little as you want at the price that you make the changes
in the input z small enough.

For linear operators acting on infinite-dimensional spaces the is no longer the case!

Proposition 281.

Hyp Consider a linear operator
A: X =Y, uw Au

where X and Y are normed spaces over K.
Concl Then this operator A is continuous if and only if this operator is
bounded. Thereby we say that the operator A is bounded if

de € [0, +oo with ||Aully < ¢ ||ullx, Yu € X.

In short
A continuous <= A bounded.

We will give a proof of this proposition. But before doing so, we introduce an notation.

Definition 282.
Given: a bounded operator A : X — Y
we define: the norm of the operator A as:

A
) = sup 1200
o Tullx

(maximal stretching factor!).

Thus we have

[Aully < [IA]l-fJullx, — Vue X.

For u # 0 and « # 0, we have
[A(au)lly — [la(Au)lly — |of - [[Aully — [[Aully

loulx— oullx ol fullx — Jullx

Thus

Au
1Al = sup [Aully = sup [[Aufly = sup LAY
lull x=1 lull x <1 w0 |Jullx
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We give now the proof of the above proposition.

Proof of Proposition (I) A continuous —- A bounded:
Assume on the contrary that the continuous, linear operator A is not bounded. Thus, we
may find a sequence {u,} > is X with

[Aun|ly =7 Junlx.

We remark that u,, # 0, since AO = 0. Thus we may consider the sequence {w,},;>] in X
defined by

1 u,
Wy, 1= — .
n{|un | x
Remark that
e We have
lim ||w,|x = 0.
n—oo
Indeed

1unllx 1

|wn|lx = =——0 asn — oo.
nlluallx  n
e Thus, since A is continuous
lim Aw, = 0.
n—oo

e However, this is in (a desired) contradiction with

1

1 wu,
wnly = 4 (5| = s Tl
nllunllx Jlly - flunllx
1
——— - n-|unllx = 1.
n - unllx
(INA bounded — A continuous:
Suppose now that A is a bounded, linear operator:
Je € [0, +oof with [|Aully < c¢-||ulx, Yu € X.

For a given € > 0, we put 0 := £. Then
lu —vllx <90

implies
|Au — Av|ly = ||A(u —v)|ly <c-|lu—v||x <c-0=¢.

Thus A is continuous (and even uniformly continuous).

203



8. Linear Operators
One can considered integral operators of the form
b
(Au)(o) = [ fa6ue) e

Le consider now a special case of such operators where

f(x,y,u) = k(z,y)u.

Proposition 283.

Hyp  Given a continuous function
k:la,b] X [a,b] — R,
where —o0 < a < b < 400, we consider the operator
A (Cla, b, | - lloo) = (Cla, B, [ - [loo)  w = Au

given by
(Au)(x) :—/ k(x,y)u(y) dy, x € [a,b].

Concl Beside being a compact operator, A is a linear, bounded operator
with
JAll < (b—a)- max [k(z,y)|

a<z,y<b

Proof. Clearly, A is a linear operator. Indeed, for u, v € Cla, b] and o € R, we have
b
Aau+o)(a) = [ k) fa-uly) + o) dy

= a/ k(x, y)u(y) dy+/ k(z,y)v(y) dy
= a(Au)(z) + (Av)(z), Vz € [a,b]

Le.
Alau +v) = aAu + Av.
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Moreover, we have

|(Au)(2)| =

so that

This shows that

b
Kz, y)uly) dy\

b
< /|k<x,y |dy—/|my ()| dy
< s K p)] - ma fu(y)] - (0 — a)

lAulloo < (b —a) - max |k(z,y)| - [|ull.

A < (b= )+ max [k(z,y)].

8.2. The space of bounded, linear
operators

Given:
we define:

Definition 284.

normed spaces X and Y (over K)
the space of bounded, linear operators L(X,Y") as
as the set given by

L(X,)Y):={A: X —Y : Aislinear and bounded}

This space L(X,Y') can equipped with

e an addition through

and

(A+ B)u := Au + Bu, (A,B e L(X,Y))

e a multiplication by scalars through

(@A)u = a(Au), (A€ L(X,Y),a € K).
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Proposition 285.
If X and 'Y are normed spaces over K, the space

(L(X’ Y)’ +, )

is a vector space over K.

For every A € L(X,Y), we have set
[A]l = sup [[Aully.

flull x=1

The following proposition says that this is indeed an norm on L(X,Y").

Proposition 286.
If X and 'Y are normed spaces over K, the space

(L(X,Y),+,:) equipped with ||A|| := sup | Aully

[Jullx=1

is a normed space over K.

Proof. It is enough to show that || Al| := supy, 1 [|Au||y defines a norm on L(X,Y").
(D || - || is strictly positive:
Indeed

o [|[All = supyy =1 [[Aully = 0,VA € L(X,Y);
e Moreover,

|Al| = sup ||Aully =0<= Au=0,Yue X <— A =0.

[lull x=1

D) || - || is homogeneous:
Indeed, Vo € K,

leAll = sup [la(Au)lly =|af- sup [[Aully = |af - [|A]].
flull x=1 lul x=1
(IT) Triangular inequality:
For all Aand B € L(X,Y), we have

A+ B[l = sup [[(A+ Bully = sup [|[Au+ Bully
llull x=1 flull x=1
< sup ([[Aully + [[Bully)
llull x=1

< sup ||Aully + sup |Buly

l[ullx=1 [[ullx=1

IA[ -+ 11BII
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Proposition 287.

Hyp

o X is a normed space over K (for example a Banach space)
and

e Y is a Banach space over K,

Concl The space

(L(X,Y),+,:) equipped with ||A|| := sup | Auly

flullx=1

is a Banach space over K.

Proof. We must show that the space L(X,Y") is complete as soon as the target space Y is
complete.
So let us consider a Cauchy sequence {A,,}1> in L(X,Y):

Ve >0
dng = no(e) such that
n,m >nyg = ||A, — Apn|| <e€
But
[Anu = Apully = [[(An = Am)ully < [[An = Apl| - [lullx

implies that
Vue X
{A,u}>2, is a Cauchy sequence in Y.

But Y is Banach, so the Cauchy sequence { A, u}°°, converges in Y, and we may put

Au = lim A,u, Vu € X.

n—oo

In this way, we get an operator A : X — Y. We show that

e Ais a linear operator;
e Ais a bounded operator and

o lim, , ||[A— A, =0,ie. lim, ;oo A, = Ain (L(X,Y), | - |])-
(I) A is a linear operator:
Indeed, Va € K, Vu,v € X, we have
Alcu+v) = lim A,(ou+v)
n%oo%/_/
=aAput+Anv

= «- lim A,u+ lim A,v
n—oo n—oo

= «aAu+ Av.
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(IT) A is a bounded operator, so that A € L(X,Y):
Indeed, for n > ny,

[ Anully

|Anu — Apgu + Apgully = ||(Am — Apg)u + Apgu|ly
H(An - Ano)uHY + ||Anou||Y

[An = An | - Jullx + [[Ano [l - lullx

= [[14n = Ano |l + | Anoll] - llullx

IN A

i.e., if ng = no(e) is large enough,
lully = lim [|Auull, < e+ [Allo] -l x
so that

[Al < &+ [|Alln < oo

Thus A € L(X,Y).
(II) lim,, o ||[A — Al =0
Indeed, for n, m > ng, we have

[Anu — Apully < |4 = Anll - Jullx <e-flullx, VueX
|Au — Apully = lim [[Au — Aynully <e-||u]x, Yu € X
n—oo
i.e.
|A—A,| <e, Vm > ny.
Thus

lim |A—A4,|| =0, ie lim A,=
n—oo —00

8.3. The dual space

Definition 288.
Let X be a normed space over K.

1. f is linear, continuous functional:

f is a linear and bounded operator
f: X =K

i.e. an element of the Banach space L(X, K).
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2. the dual space of X:

The collection L(X, K) of all linear, continuous functionals.
The dual space of X is denoted by
X' = L(X,K).

Moreover, we introduce the following notation:

(fuy == f(u), YueX,VfeX'

Proposition 289.
If X is a normed space (or even a Banach space), its dual space X' is a Banach space.

Example 290.
Consider the space R? (p > 1) equipped with the norm
P &
2 == | D €2, forz = | :
k=1 £

Then, its dual space is given by the space of 1 x p-matrices:

R :={y=(m ... mp) : meR ,fork=12...p}

equipped with the norm

1yll2 =

Remark that

k=1

Remark 291. In the above example, the normed space could be identified with itself.
This is, however, not true in general.

Example 292.
Consider the Banach space

Cla, b], equipped with the norm ||u|» := max, |z ()],
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where —oo < a < b < +00.
Let us show that any fixed element v € C/[a, b] can be viewed as an element of the
dual space (Cl[a, b])’.
Thus we may write

Cla,b] C (Cla, b)) .
So let w € C|a, b] be fixed. The we define an operator f,, : C'la, b] — R through

fuw(u) == /abw(ac)u(:c) dx

This operator f,, is linear, since, for & € R and u,v € Cla, bl
b
fwlou+v) = / w(z) [au(z) +v(z)] dx

b b
= a/ w(x)u(x) da:+/ w(x)v(z) dx
= afu(u) + fu(v).

Moreover, f,, is bounded, since

faw] = | [ wloute) do| < [ o) - u(w)] do

< wlloe - lJullos - (0 — a)

gives
[ full < (0= a) - [|w][e-
Remark however that
Cla,b] # (Cla, b))’

since for example the following linear, bounded functional cannot be represented by a
continuous function w:

o(u) == u(a), u € Cla, bl.
Thus

Cla,b] S (Cla, b))’

8.4. Operational calculus
Remark 293. If A € L(X,Y) and B € L(Y, Z), the we denote by

BA: X =Y, u~— B(Au))
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the composition of these mappings. Remark that
[1B(Au)llz < [|B]| - [|Aully < |IBI| - [[A]l - [Jullx,
so that
e BAe L(X;Z)and
o [|BA| <|BIl-[IA]l
Remark moreover that composition is continuous:

A, = Ain L(X,Y)
B, — Bin L(Y, Z)

} — B, A, — BAin L(X, Z).
Remark 294. If Aand B € L(X; X), the

e BAe€ L(X;X) and

o [BA|<|B]-[Al

In particular
|A* < A%, fork=0,1,2,....

Proposition 295.

Hyp Suppose given a power series

with

o0
S gl - |2 < +00  forlsl <,
k=0

where v > 0 is the radius of convergence.
Let X be a Banach space over K.
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Concl For any
Ae L(X,X) with ||Al| <r

the series

F(A) = nh_}rgoz ap A"
k=0

converges in L(X, X) and F(A) € L(X, X).
Remark thereby that

A =1 and ARl = AF A,

Definition 296.
Given: a Banach space X
we define: L, (X, X) as:
the following subset of Banach space L(X, X):

Lin(X, X);={A € L(X,X) : 347" € L(X, X)}.
Thereby, we denote by A~! the inverse operator of A:

ATTA=AATT =1

Remark 297. Thus, the operator A belongs to L;,, (X, X) if and only if
1. Ae L(X,X);
2. A: X — X is a bijection, so that the inverse A= : X — X exists;

3. A lis linear and bounded, too.

Let us consider the geometric series

1 (0.9}
. = g 2~ for |z| < 1.
—z

k=0

Hence, for all A € L(X, X) with || A|| < 1, we may put

1 [e.e]
— = AP =T+ A4 A+ A%+ ...
= +A+ AT+ A+

k=0
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Proposition 298.

Hyp X be a Banach space over K.
Concl We have

VAe L(X,X) with|A] <1

JI—- A~ e L(X, X) and
I-A) ' =y =2 A =T+ A+ A2+ A3 +....

In short

VA € L(X, X),
[Al < 1= (I—A) € Lin(X, X).

Proof. Remark that

so that

Thus

(H—A)fjAk = TLILIEO(H—A)ZA’“

|A] < 1= lim ||A]|""! =0,
n—oo

lim A" = 0.
n—oo

n

k=0

n n+1
= lim (§ AR :A’“) = lim (I-A"") =1
n—00 n—00
k=0 k=1

In a similar way, one may consider the exponential series

= 1
exp(z) = e” == Z Ezk for z € K.

Proposition 299.

Hyp X a Banach space
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8. Linear Operators

Concl Forevery A € L(X, X), one may define the exponential of A through

=1
_ LA k
exp(A) = et =) A" € L(X, X).
k=0
One has, for s;t € K,
otASA — ptH)A.

214



Fourier series: the classical approach

215



9. Fourier series: the classical approach

0.1. Signals

The general framework
The purpose of signal theory is to study

e signals and

e the systems that transform them.

Signals and their mathematical description

The observation of some phenomenon yields quantities that depend on time. We call them
signals.

Their mathematical description is done by functions or their generalization: the distribu-
tions.

In this lecture we will only consider deterministic signals without including this property
explicitly: so all here considered signals will take values with no stochastic element.

An analog signal is a signal where the time is modeled by R.

A discrete signal is a signal where time is discrete (modeled by Z for example).

A discrete signal frequently results from sampling an analog signal.

We will consider in this lecture real valued as well as complex valued signals.

Thus analog signals are modeled in a first step by

r:R—R or r:R—C
whereas discrete signals are modeled by

z:7Z — R or x: Z — C.

Systems and their mathematical description
A process, where one can distinguish

e an input signal and
e an output signal

will be called a system.

() y(*)

input output

From a mathematical point of view, systems will be described by:
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9.2. Systems

e A space X consisting of all possible input signals x(t),
e A space Y containing the resulting ouput signals y(¢) and

e An operator
A: X =Y, y—y=A(z).

0.2. Systems

Let us consider a system described by an operator

A: X =Y, y—y=A(z),

where X and Y are ‘function’ spaces, i.e. linear K-vector spaces whose elements are func-
tions. Hence elements of these spaces may be added (pointwise addition) and multiplied by a

scalar (pointwise multiplication):

(1 +m)(t) = z1(t) + x2(2), Vit
A-z)(t) = X xz(t), Vit

where )\ € K.
We denote by K one of the fields R or C. A scalar is an element of this field.

Linear systems

9.1
9.2)

Definition 300.
Given: A system
A: X =Y, y—y=A(z),

we say: this system is linear iff:

1. A(l’l —+ ZEQ) = A(l’l) —+ A(Ig), Vl’l,l‘g € X and
2. AA-z) =X A(x),Vr € X and VA € K.

Remark 301. For linear systems, we usually write Az instead of A(x)

Remark 302. Linear systems are systems where the principle of superposition holds.

Time invariant systems
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9. Fourier series: the classical approach

Definition 303.
Given: A system
A: X =Y, y—y=A(z),

we say: this system is time invariant iff:
a translation in time of the input leads to the same translation in time
of the output.

Remark 304. If we denote by 1, the delay operator defined by
T2(t) == z(t — a), %
then a system A is time invariant if and only if

At, = T1,A, Va € R.

LTl-systems

Definition 305.
Given: A system
A: X =Y, y—y=A(z),

we say: this system is linear, time invariant (LTI) iff:

1. linear and

2. time invariant.

Causality of systems
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9.2. Systems

Definition 306.
Given: A system
A: X Y, y—y=A(z),

we say: this system is causal iff:
the response at time ¢, depends only on the input signal before ¢,
ie.

21(8) = 2a(t), Yt <ty = A(z1(t)) = A(wa(t)), Vit < to.

Remark 307. Causality is a necessary condition for a system to be physically realizable.

Continuity of systems
When the signals are analog, one uses different kinds of norms in order to measure the
‘bigness’ of a signal defined on some interval /:

L. uniform norm: ||z||o := sup,; |z(t)];

2. L'-norm: ||x| 2 == [, |z(t)| dt;

3. L2norm: ||z 2 := [ [, |(t)|* dt] 2,

Remark that this norm is associated to a ‘scalar product’:

(1 | x9) = /xl(t) - (1) dt.

I

When the signals are discrete, one uses different kinds of norms in order to measure the
‘bigness’ of a signal:

1. uniform norm: ||x||« := sup,cz |Tnl;

2. L'-norm: |||, := :io_oo | T3
1/2
3. L%-norm: ||z||s := [ e |0 |?] ?
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9. Fourier series: the classical approach

Definition 308.
Given: A (discrete or analog) system

A: X =Y, y—y=A(z),

we say: this system is continuous iff:
the change in the output is as small as you want if the change in the
input is accordingly small enough:

|, —z]| =0 = ||A(z,) — A(z)|| = 0as n — oo.

Thereby || - || is any of the above introduced norms.

9.3. Convolution of signals

Operations with signals
We have yet mentioned, that

e signals can be added and
e signals can be multiplied by constant scalar.

We introduce now an new operation on signals: the convolution.

9.3.1. The convolution of analog signals

Definition 309.
Given: two analog signals x and y
we define: the convolution x * y of v and y as:

+oo
(x*xy)(t) = / x(t—71)-y(r)dr (t e R).

o0

Remark 310. The above integral must exist for all (or at least, as we will see, for almost all)
t.
One can show that a sufficient condition for this is that

+oo +oo
/ (t)| dt, / W) dt both exist in R,

—00 [e.9]

220



9.3. Convolution of signals

or more generally that
z,y € L'(R) (see below).

Another sufficient condition is that both x and y are piecewise continuous, that one is
bounded and the other absolutely integrable over R.

9.3.2. The consolution of periodic signals

Definition 311.
Given: two T'-periodic (analog) signals x and y
we define: their convolution x x y as:

(z %) (1) ::/0 st—1)-y(r)dr  GER).

Remark 312. The so defined signal x x y is T-periodic, too.

9.3.3. The convolution of discrete signals

Definition 313.
Given: two sequences ¢ = {c¢x }rez and d = {dj }rez
we define: the convolution c x d of c and d as:
the sequence {(c * d)j, }rez given by

—+00

(cxd), = Z Cr—j - d; (k € 7).

j==00

Remark 314. The above sum must converge for all values of k € 7Z.
On can show that this is the case if (f.ex.)

+oo +oo
> ekl > 1dil < 0.
k=—o00 k=—o00

Sliding average viewed as convolution

Example 315.
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9. Fourier series: the classical approach

For a fixed value of & > 0, we consider the function

L if —h<t<h
0 ,elsewhere.

Let us compute the convolution of a;, and a piecewise continuous function f:

@0 = [t s dr

1

= — f(r)dr
2h —h<t—1<h ( )
1 t+h

= 5 - f(r) dr.

Thus ay, * f is a sliding average:

t

t

F(t)

9.3.4. The sliding strip method to compute
convolutions

Example 316.
Let us compute the convolution of

t ,forO<t<?2 1 ,forO<t<1
f(t) = and g(t) =
0 ,elsewhere 0 , elsewhere.

Then

max{0,min{1,t}}
ey = [ fe-n)-gmar= [ flt—7)dr

o<r<1 min{1l,max{0,t—2}}
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9.3. Convolution of signals

There is a better way to organize the computations!
In a first step, one constructs the graph of f(¢ — 7). This can be done either by a
reflection followed by a translation or by a folding:

i f(r) : f(=7) | ft—7)

o T _92 T ; o
reflect translate

fold

f(t—m71)

t/2 t f(r)

Then we overlap the graphs of f(¢t — 7) and g(7) step by step:

olIft <0:
N
‘ ‘ g(7)
t—2 ¢ 1 Ft—1)
(f*g)(t)=0
oIfO <t <1
\\ g(7)
t—2 ¢ 1 ft=7)
(f*xg)(t)= % (area of a triangle)
oIf1 <t <2

1
g(7)

-
1t ft =)
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9. Fourier series: the classical approach

oIf2<t<3:
\ g(r)
1 ;ﬁ ft—7)
_1)2
(Fr9)t) =% - P
oIf 3 <t:
1 p—
9(7)
1 t f(t—m71)
(fxg)(t) =0
Thus we get
(0 ,fort <0
%2 Jfor0 <t <1
(fxg)(t) =32 — (%21)2 Jforl <t <2
2 -0 for2<t<3
L0 , for 3 < t.
f*9)®

9.4. Filters

Filter

Definition 317.
A filter is a

e continuous,

e linear and
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9.4. Filters

l e time invariant system. J

Filters and transfer functions
Let us consider a filter A : X — Y (in the analog case). If we use as an input signal a
harmonic function

ex(t) = ™, (t e R),
the corresponding output signal will be written as f)(¢); so by definition
a(t) == Alea(t)), (t € R).
Remark that e, (t + 7) = e, (t) - ex(7). Hence, by time invariance we get
Ht+71)=Aex(t+ 1)) = A(ex(t) - ex(7)).
By linearity, this leads to
O+ 1) =ext) - Alex(r)) = ex(t) - fa(7), vr € R.

Setting 7 = 0 we get
i) = fr(0)-en(t), VteR.

Definition 318.
The function
H:R—C A~ £1(0)

is called the transfer function of the system.

Proposition 319.
For any LTI-system we have

Alea(t)) = HA) -ex(t),  (teR),

where .
6)\(t) — 62Tm)\t,

i.e. ex(t) is an eigenvector of A with eigenvalue H ().

Consider now a T'-periodic input signal; such signals can be written, as we will show it and
under suitable hypotheses, as

+00 +oo
ikt
E crer () = E cpe’ T
T
k=—00 k=—00
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9. Fourier series: the classical approach

The corresponding output signal will be T-periodic, too and, due to the continuity of the filter,
we get the following output signal:

+oo ]C —+00 k? i
_ 2mik L
> H (T) crep(t)= ) H (?) et

k=—oc0 k=—00

Thus, for T-periodic signals, the filter reduces to a ‘multiplication by H (%) operator’ act-
ing on the so called Fourier coefficients c.

If the input signal is not periodic, it can be written, under suitable hypotheses, as

+oo )

f()\)e%m)\t d.
The corresponding output signal will be (by the continuity of the filter):
o0 R )
H(N) - f(N)e*™ a.

—00

Thus, the filter reduces to a ‘multiplication by H (A) operator’ acting on the so called
Fourier transformed f.

The tool of central interest
We see, that the tool of central interest is Fourier’s representation of signals

9.5. Fourier's representation of
periodic signals
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9.5. Fourier’s representation of periodic signals

Definition 320.
Given:  An analog signal
we say: this signal is T-periodic (with T' > 0 a fixed constant) iff:

z(t+T)=z(t), vVt e R.

We visualize T-periodic signals frequently as a function defined on
the circle Ty with circumference 1.

z(t)
z(t)

Remark that the harmonic signal

t iy e2miNt
is 1" periodic if and only if
P2TINIHT) _ 2miNT | 2miNt — 2midt
i.e. if and only if
627r72)\T -1

i.e. if and only if

A= , for some k € Z.

Thus we get

Proposition 321.
The signals

‘ ki k
t i 2Rt _ hog (27”'?75) + 4 -sin (QWi?t>

with k € Z are all T-periodic.
Conversely, any harmonic signal e
form for some k € 7.

2midt s T-periodic if and only if it is of the above

For k = 4 the real and imaginary part of the T-periodic harmonics are given by
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9. Fourier series: the classical approach

27mi

i
~

;4
271 A ~
Re“ ™' T ¢ Se

9.5.1. The Fourier coefficients

Fourier (like Euler, Lagrange and D. Bernoulli before him) discovered that T-periodic and
suitably regular function can be synthesized as

+oo

ft) = Z oy - XM,

—0o0

This equation is called the synthesis equation.
Herein, complex Fourier coefficients c; can be obtained, under suitable hypotheses, by the
analysis equation

L[ gw-emmban =L [ gy e
k= = f@t)-e“™Mrt dt = — f(t)-e“™T" dt
T Jo T J 1)

An alternative representation of 7-periodic signals is obtained, by splitting the above rep-
resentation in the real and the imaginary part:

—+oc0o
ao k _ k
= 205" Jag - cos ( 2mins sin [ 2mis
f(t) 5 + 1 {ak cos ( mTt) + by, sm( mTt)] ,
where

2 T
apg = 2.CO_fA f(t)dt
- —E/Tf(t) orilt) at
Qp — Cg C,k—T ; COS 7TZT

b = iy —cg)= %/T f(t) - sin (2#2’%7&) dt
0

Remark that the ¢, can be expressed by a; and by in the following way

Gtk if k< 0
cp =4 Jifk=0

ap—i-by .
B — . if k > 0.
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9.5. Fourier’s representation of periodic signals

Example 322.
For the T-periodic signal given by

f(t):{él ,ifte[—%,%]

0 ,ifte[-L,-L[uL, L1
one has 4
Ch =7 sin(km/4) ,fork #0
and ¢y = 1.

Ck

Our aim is now to prove the synthesis equation

—+00

f(t) = Z cp - €2MITE,

for a T'-periodic signal, where the Fourier coefficients are given by
1 [T/2

1 /T —2mikt —2mikt
k= = ft)-e "™t dt = — ft)-e“™rt dt
T Jo T J 7/

9.5.2. Dirac sequences
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9. Fourier series: the classical approach

Definition 323.
Given:  asequence {A,}'>] of functions

A, R—=R, t— Ayt)

we say: this sequence is a Dirac sequence iff:

1. A(t) >0,vteR (ne{l,2,3,...});

2. Every function A,, is absolutely integrable (in the sense of
Lebesgue, see below) and

1 +oo
= o A, (t) dt = 1.
7 A

3. Vo > 0 kept fixed,

/ A, (t)dt -0 asn — oo.
[t|>6

Example 324.
n 1
Ay (t) = —
®) w14 n2t?
n=10 mn=25 K
Proposition 325.
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9.5. Fourier’s representation of periodic signals

Hyp  Let
f:R—=C,t— f(t)
be a continuous and bounded function.

Concl For any Dirac sequence {A,,}'2], we have

lim (A, * f)(t) = f(t),  VEER.

Moreover, this convergence is uniform on any bounded and closed
subset K of R:

sup [(A, = f)(t) — f(t)| =0 , as n — o0.
teK

231
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Definition 326.
Given:  asequence {A,}'>] of functions

A, R—=R, t— Ayt)

we say: this sequence is a T'-periodic Dirac sequence iff:

1. every function A,,(+) is T-periodic;
2. Ay(t) >0,VteR (ne{l1,2,3,...});

3. Every function A, is integrable (in the sense of Lebesgue, see
below) over one period and

T/2

An(t) dt = 1.
—T/2

4. V6 > 0 kept fixed, f5<|t|<T/2 A, (t) dt — 0asn — oo.

Example 327.

_ sin®*(n-t/2)
An(t) - 20 -1 - Sin2 (t/2)

defines a 27-periodic Dirac sequence:

—
"7-

.

Proposition 328.
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@ Let
f:R—=>C,t— f(t)

be a continuous, T'-periodic function.

lim (A, * f)(t) = f(t),  VteR

n—oo

Moreover, this convergence is uniform on R:

sup |[(A, * f)(t) — f(t)| = 0 , as n — 00.
teR

Concl Then, for any T-periodic Dirac sequence {A,}>3, we have

N

T/2 T

9.5.3. Dirichlet kernel

For a T'-periodic (analog) signal, we consider the partial sum

for N € {1,2,3,4,...}, where the ¢ are the Fourier coefficents:

Y

Putting all together, we get

Sv(f)(t) = [ / fr) - e rdT]

N

— %/ f(’T) Z e27rz (t—T) dr

0 k=—N
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9. Fourier series: the classical approach

We consider the sequence { Dy } 42, of so called Dirichlet kernels with

1 . 2mi kg
Dy(t) =+ D, €0
k=—N

Then
Sn(f)(t) = (f * Dn)(1).
We have
N IN+1
. ) 1— 627rth
T . D t = eQWZ%t — 6*27T’L¥t s
v kX—:N 1 — e2mizt
omi N2y —omi N2
N 2Tt _ g2mitptt
i.e.
aE Jifte{k-T|keZ}
Da(t) =\ | sim(@Nimy)
T —sm(zp - Clsewhere.
T

Unfortunately, the sequence of Dirichlet kernels is not a Dirac sequence, since these kernels

are not non-negative:

t
T/2

9.5.4. Fejér kernels

Let us put

TN E) = 360 = SO EN L 2 DO

k=1

A computation similar to the above one leads to

(Tnf)(t) = (f = Fx)(2), forallt € R
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9.5. Fourier’s representation of periodic signals

where

sin? (% t)

Nemr(gy otk T[keZ;

, elsewhere.

Fn(t) = {

This time, the sequence { Fiy } 1>, of Fejér kernels is a Dirac sequence:

Sz NHl-

i ; t
T/2

In fact, one can verify that

/OT Fa(t) dt = 1.

Proposition 329.

Hyp  Let f : R — C be a continuous, T-periodic signal.
Concl We have

Jim (s F)@) = f(t),  VEER

Moreover, the above convergence is uniform:

lim sup|(f * Fi)(t) — f(t)] = 0.

N—oo teR

9.5.5. A counter example

As we have seen above, the sequence of Dirichlet kernels { Dy} 5>, is not a Dirac sequence
Thus, we cannot conclude that

—+00

> o 2T = f(t)

k=—o0
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9. Fourier series: the classical approach

for all continuous, T-periodic functions f, if we choose ¢y as ¢, = 7 fOT Ft) - e 2t gt
We can only replace the sequence

n
&
Sp 1= E cp, - ™!

k=—n

by an averaged sequence
S1+ S22+ -+ sy,

n

O, =

and then f(t) = lim,, o 0,
Even worse, there exist continuous, 7-periodic signals whose corresponding Fourier series
does not converge to f:

Proposition 330.
There exist continuous, 'I'-periodic signals whose corresponding Fourier series does
not converge everywhere to f.

9.5.6. Positive results

The lack of positivity of the Dirichlet kernels can be counter-balanced by more smoothness of
the signals.
More precisely, we have the following two positive results:

Proposition 331.
If the signal f : R — C is T-periodic and of class C, then

(Snf)(t) = f(t),  VieR.

lim
N—o00
Moreover, this convergence is uniform:

lim sup |(f * Dx)(t) = ()] = 0.

Proposition 332.
Let f : R — C be a piecewise C* signal, such that at the points of discontinuities, the
unilateral limits of the derivatives exist (Dini’s condition).

Then
7))+ @)

vt € R.
2 ’ ©

(Snf)(t) =

lim
N—oo
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9.5. Fourier’s representation of periodic signals
Thus, at points of continuity, we have

(SN () = f(?),

lim
N—oo

whereas at jump points, the limit gives the mean value at the jump.

R —_— f(®)

_ —— limy L (SN ()

Gibb’s phenomenon at jump points

- %

S .

.

[P I

= I

-+ 3
-
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10. Pre-Hilbert and Hilbert spaces

10.1. Pre-Hilbert spaces

10.1.1. Inner product

Definition 333.
Given: a linear space X over K
we define: an inner product on X as:
a mapping
(]): X xX =K, (u,v) = (u|v)
having the following properties:
1. Strict positivity: One has
(ulu) >0, Vue X
and
(ulu)y=0<=u=0.
We write
llu|| = v/ (u | u), foru € X.
and we will eventually show that this is a norm on X.
2. Linearity in the first slot: We have
(au+v | w) =au|w+{|w), Va eK, Yu,v,we X.
3. Symmetry: We have
(u]v) ={(v|u, Yu,v € X.
Remark that, if K = R, this reduces to
(u|v)y={(v|u), Vu,v € X.
Definition 334.

A linear space X equipped with an inner product (- | -) is called a pre-Hilbert space.
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Proposition 335.

Hyp  Let (X, (- | ) be a pre-Hilbert space over K.
Concl The inner product is anti-linear in the second slot:

(ulaw+w)=a(u|v)+ (u|w), Va e K, Vu,v,w € X.
If K = R, this reduces to linearity in the second slot:

(ulaw+w) =au|v)+ (u|w), Va e K, Vu,v,w € X.

Proof. By symmetry and linearity in the first slot, we have

(ulav+w) = (av+w|u)
= a|u) +(w|v)
= a-(v]u)+(wlu
= a-(ulv)+(ulw).

]
Example 336.
R? is a pre-Hilbert space if one sets
& m P
(@|y) =1 : : =Z€knk=§1-n1+-“+§p'np-
&p Tp k=1
Example 337.

CP is a pre-Hilbert space if one sets

51 T P
k=1

&p Mp
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10. Pre-Hilbert and Hilbert spaces

Proposition 338.
In every pre-Hilbert space (X, (- | -) one has

(u]0)y=1(0|u)=0, Vu € X.

Proof. This follows from

(]0) = (u|u—u)=(ulu)—(u|u) =0

10.1.2. Schwarz inequality

Schwarz inequality

Proposition 339.
In every pre-Hilbert space (X, (- | -)), one has

[ulv)| < Viula)-Vule), VuveX

ie.
[ (w o) | < lull-loll,  Yu,veX.

Proof. (I) Case where v = 0:

One has
[ (u]0)[=0=+/(ulu) /{0]0).
N—_——

=0

So, the Schwarz inequality is in fact an equality.
Remark that the same argument can be used for the case where u = 0.
(IT): Case where v # 0 and K = R:
We have

0 < (u—av|u—av)
= (u|u) —2a{u|v)+a*(w]|v) = f(a).

Let us choose « in such a way that the function f achieves its minimum; let us choose

Then we get
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10.1. Pre-Hilbert spaces

- o< fulu) (o lv) = (u]v)?

- (v]v)

Since (v | v) > 0, this implies
(ulv) < (ulu)(v] o)

and

[ (u o) | < V{ulu)-/{v]v).
(IIT): Case where v # 0 and K = C:
We have

0 < (u—av|u—av)
= (ulw)—ay|uy —a(u]v)+a-a-(v|v)= f(a)

Let us choose « as above

Then we get

ulv)-(ulv)
(v ]v)
[(u | v)[°
(v]v)
Thus, since (v | v) > 0, we get the claim

[(uo)* < ulu)- (v o).

0 < (u!u>—2< (v]u) +

0 < (u|uy—

10.1.3. Orthogonality
By the Schwarz inequality

[{ul o) < V{ulw) - v/{ulu)=lul - ol

one has, for pre-Hilbert spaces over R,

NP
el - ol

Thus, one may define the angle o between u and v through

[[wll - [v]]
and
0<a<m.

Such consideration can help as a motivation for the following definition.
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Definition 340.
Two elements « and v in a pre-Hilbert space (X, (- | -)) are called orthogonal if

(u]wv)=0.
If moreover
[ull =[]l =1, e (ulu)=(v|v)=1,

these orthogonal elements are called orthonormed.

10.1.4. Norm generated by an inner product

We have yet introduced in the pre-Hilbert space X, as a notation,
lu|| :== v/ (u | uw), Vu € X.

It turns out, that this defines a norm on X': thus, every pre-Hilbert space is a normed space:

Proposition 341.

Hyp  Let (X, (- | -)) be a pre-Hilbert space.
Concl Then
Jull ==V (ulw), VueX

defines anormon X, so that X can be considered as a normed space,
too

Proof. We must check that the above defined || - || has all properties of a norm:
(I) Strict positivity:
We have, for all u € H,
(ulu)y>0=|lul| >0.

Moreover,
|lul| =0 <= (u|u) =0<= u=0.
(IT) Homogeneity:
A direct computations shows that || - || is homogeneous. Indeed, Vo € K and Vu € X, we
have
lou|| = {eu|ou) = a-a- (u]u)
= Va-a-|ull? =l Vul]?
= laf - flu]-
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(III) Triangular inequality:
For all v and v € X, we have by Schwarz inequality

lu+o|> = (utv]|ut+o)
= (ulw)+{ulv)+(u|v)+(v|v)

N J/

-~

=2R(u | v)
[ul® +2 - flull - ol + [Jol*
2
=l +1v)”,

and this gives
[[u+ ol < Jull +lv].

[
Remark 342. Thus, all properties of a normed space remain valid in a pre-Hilbert space.
In particular, we may speak of convergence. We say that a sequence {u,}2 in a pre-

Hilbert space (X, (- | -)) converges to some u € X if
lim ||u, —ul|| =0,
n—oo

i.e. if

lim /(up —u | up —u) = 0.

n—o0

Moreover, we can discuss notions like continuity. As an example, we show that the inner
product is continuous.

Continuity of the inner product

Proposition 343.
In any pre-Hilbert space (X, (- | -)), the inner product

(]): X xX—=K
is continuous with respect to the induced norm
1= VAT

Thus, if {u,}'25 and {v,}125 are two convergent sequences in the pre-Hilbert space
X, then
lim,, oo Uy, = u }

lim, v, = [ Al (e | vn) = (] 0).

n—0o0
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Proof. The claim follows from

[(un | vn) = ([0} = [{un —w]on) + (u] vy —v)]

< [un —u | vn)] + [{u | vn — v)]
<l —wll - o] +l[ull - [lon —
—— N—_——

—0 bounded —0

Tim [(uy [ 0) — (u0)] = 0.
Definition 344.
Given: asubset M C X of a normed space X (for example a pre-Hilbert
space)

we say: M is dense in X iff:
every point v in X can be approximated to any precision by points
in M, i.e. M is dense in X iff

Vu € X
J a convergent sequence {u, }1>5 in M with
lim,, oo U, = u.

Proposition 345.

Hyp  Let M C X be a dense set in the pre-Hilbert space (X, - |-)).
(Thereby we explicitly do not exclude the case where M = X.)
Concl Ifu € X is such that

(ulv)y =0, VYveM,

then v = 0.

Proof. There exists a sequence {u, },> in M with

lim u, = u.

n—oo
Thus
(u ] u,) =0, Vn
and
Jull = (u | u) = lim (u|u,) =0,
n—oo
ie.uw=0.
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10.1.5. Polarization

As we have seen it, every pre-Hilbert space (X, (- | -)) can be equipped with a norm || - ||

generated by the inner product trough

fJull == (ulu), weX.

The somewhat surprising fact is now, that conversely, the inner product can be expressed by

this norm.

Proposition 346.

Hyp  Consider a pre-Hilbert space (X, (- | -)) over K equipped with the

norm
Jull == V(ulw), uweX

generated by the inner product.
Concl Then the inner product can be expressed by the norm:

1. If K =R, we have

(wlv)=7 [lutol?~llu-vl?], VuoveX.

|

2. If K =C, we have

1
(ulv) = 7+ [lwtol® = flu—of
+i (Jlu+ w|)* = [Ju —v|?)], Vu,v € X.
Proof. This follows from
o v =[ull* + [V + 2R {u | )
[lu— o] =[lull* + [lv]]* = 2R (u | v)
lu+0]]* = [lu — v[]*=4% (u | v)
and from
[Ju+ iv||” =[lull® + [|v]* + 23 (u | v)
[lu — dv]|? =[ull® + [[v)]* = 2S (u | v)

lu+v|* — ||u — ||*=4S (u | v)
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10.1.6. The parallelogram rule

The above result calls for a simple question: Can every normed space (X, || - ||) be transformed
into a pre-Hilbert space equipped with an inner product defined with the help of the identities
in the above proposition.

Before giving an answer, we establish a nice (and important) property of pre-Hilbert spaces.

Parallelogram rule

Proposition 347.
In any pre-Hilbert space (X, (- | -)), the following parallelogram rule holds:

lu+ol* + llu — of* = 2flul® + 2llv])*,  Vu,veX.

Proof. This follows from

|u+ v = (u+v | u+v)=|ul]® + [[v]|* + 2R (u | v)
|u—v? = (u—v | u—v)=|ul]> + |lv]* = 2R (u | v)
|u+v[]* + Ju — vl =2||ul]? + 2[Jv]]%.

]

The following example shows that the parallelogram rule does not hold in all normed spaces.
Thus, not all normed spaces can be transformed into pre-Hilbert spaces.

Example 348.
We consider in the Banach space L' ([0, 1], Z(R)| 0,11, A'|j0,1]) two functions
1
u(z) =1 and v(x) = 5~
Then
e We have
1 2
2l|ull3 =2 {(R)-/ 1 dx} =2
0
and

- -z

2
1

S|
ooz, =2 [<R>- /
0
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Y

1/2 W y = |v(x)]

‘ 1/2 1

So 17
20|ull7: + 2lloll7: = 5

e On the other hand, we have

2

13
|u+ 0|3, = / ——z|dr| =1
0o 12
N——
:%—aj
and
2
1
|u— |5, = / —+z| dx| =1
0o 12
So
||lu + /U”%l + ||u — v||%1 = 2.

Hence
lu+vl|7 + lu—oll7: # 2[lullf + 2[]7:.

This means that there is no inner product on L*([0, 1], Z(R)]| 0,1}, \*

the norm || - || z:.

10.1. Pre-Hilbert spaces

0,1]) that generates

Or formulated in a different way, the product one could define through the polarization

identities does not define an inner product.

So a central question arises:

When is a given normed space (X, || - ||) in fact a pre-hilbert space (X, (- | -)) with

lull = v/ {u | ),

The following proposition gives an answer!

Yu e X7

Proposition 349.
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Hyp  Suppose that (X, || - ||) is a normed space over K, whose norm satis-
fies the parallelogram rule:

lu+ol” + flu = vl* = 2flull* + 2[0*,  Vu,veX.
o I[fK =R we put, foruandv € X,
1 2 2
(ulv) =7 [lle+ol* + flu—ol"]
o [fK = C we put, foruandv € X,

[l + ol + llw = vll* + & (lu + dvl|* + flu — iv]|*)] -

(u|wv) =

| =

Concl Then,
1. (- | -) is an inner product on X;

2. (X, (- |-)) is thus a pre-Hilbert space.

10.2. Hilbert spaces

10.2.1. Complete pre-Hilbert spaces

Definition 350.
A Hilbert space (over K) is a pre-Hilbert space (X, (- | -)) (over K) that is complete

with respect to the induced norm

lul| = V(u|u),  VueX.

Remark 351. Thus, every Hilbert space is a Banach space. So all that was said about Banach
spaces remains valid in Hilbert spaces.

Consider a pre-Hilbert space:
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(X, (- | -)) apre-Hilbert space
ull == +(u | u)y, VueX
(X, || - ||) isanormed space where the parallelogram rule holds

completion with respect to || - ||
_ is a Banach space with X C X and
(X, 0l 1) where || - || has be extended by continuity.
Thus the parallelogram rule continues to hold.

define an inner product by polarization
with this extended norm

(5(, (-] -)) is a Hilbert space with X C X and
where (- | -) has be extended by continuity

Proposition 352.

Hyp  Let X, (- | -)) be a pre-Hilbert space with associated norm

]l == v/ (u | w), Ve X.

Concl The completion of (X, || - ||) is a Hilbert space (X, (- | -)) where the
inner product is extended by continuity.

10.2.2. Examples of Hilbert spaces

Example 353.
If we equip CV, for N = 1,2, 3, ..., with the “usual” inner product

N
k=1

where v = (&;,..., &) andy = (1, ..., ny), we get a Hilbert space, since CV equipped
with the norm

o]l == vz [ z) =

is a Banach space.

Example 354.
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If we equip RY, for N = 1,2, 3, ..., with the “usual” inner product

N
( |y) = Zﬁk‘ﬂm
k=1

where z = (&;,...,&x) andy = (11, ...,mN), we get a Hilbert space, since RY equipped
with the norm

is a Banach space.
Example 355.
Let us consider, for —oo < a < b < +0o0, the space
Cla,b] :={u: [a,b] = R : uis continuous}

and put, for u(-) and v(-) € C|[a, 1],

(] v) = /abu(x)v(x) da.

(D (Cla,b], (- | -)) is a pre-Hilbert space.
Indeed, (- | -) is an inner product, since

o We have ,
(u|uy = / u(z)? dx > 0, Vu(-) € Cla, b]

and
(ulu)y=0<=u=0ae <= u(r)=0forzx € [a,b].

e For u(-), v(-) and w(-) € Cla,b] and for o € R, we have
(a-utv|w) = / (a-u(z)+v(x)) wz) de

b b
= a/ u(zx) - w(zr) dx+/ v(z) - w(x) de
= a-(u|w)+ (v]w).

e Moreover, for all u(-) and v(-) € CJa, b], we have

b b
(u|v>:/ u(x)-v(x)dx:/ v(x) - u(x) de = (v |u).
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(IT) However, (C|a, b], (- | -)) is not a Hilbert space since it is not complete.
Remark that the norm generated by the inner product

lullz2 =/ {(u | w) / x)? dx

is the standard norm on L?([a, b], 2 (R)| (4,5}, A'|{a,4) and that C[a, b] C L*([a, b], £ (R) 105} M| [ap])-
We give now a sequence {u,, };'>, in C'la, b] that converges in L*([a, b], £ (R) (0,5, A'|{at])

to a limit function uw. Thus this sequence is a Cauchy sequence. Then we show that the

limit function u does not belong to C'[a, b]. Thus the pre-Hilbert space (C[a.b], (- | -)) is

not complete and not a Hilbert space.
The above announced sequence {u, };%;, is given by

0 ,fora<z<et-L
_ a+b a+b 1
up(x) = ¢ nx , for 5r < T+ 5
a+b 1
1 ,f0r2+2n§x§b.
Thereby we assume that n is large enough, say n > .
—a
Y
1 Yy = un(x)
a ﬁ b
2
Y

0 ,fora<x<“—+b a atb Y
u(z) = P 2
1, for% <o <b.

Indeed

so that
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10. Pre-Hilbert and Hilbert spaces

<

v = u(@)
1 y = un(x)

However,

u ¢ Cla,b].

Thus the Cauchy sequence does not converge in (Cla, b], (- | -)).
Let us remark that the completion of (Cla, b, (- | -)) is the Hilbert space L*([a, b], -2 (R)|fu.5, A |0,

10.2.3. The Hilbert spaces L*(X, <, u) and
La(X, o, )

Consider the Banach space

1/2
L2(X, o, ;1) with the norm |[u]| 2 = [ / ]u(x)|2du(x)}
X

If one puts
(] )s = [ ulo)o(e) du)
X
one gets an inner product that generates the above norm || - ||z2. Remark thereby that for
example

(u|u)y» =0<=u=0pae < u=0.

Since L*(X, o/, 1) is complete with respect to the generated norm || - [|z2, L*(X, o, 1) is a
Hilbert space:

Proposition 356.
L*(X, o, 1) equipped with the inner product

(u|v)2 = /Xu(:c) ~o(z) dp(z)

is a Hilbert space over R.

Example 357.
As typical examples of such Hilbert spaces, let us mention:

e [’(R) := L*(R, Z(R),\);

256
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o L*([0,T) := L*([0,T],Z (R)|{0,r1, A'|o,r) that models real-valued 7-periodic sig-
nals;

e (*(Z) := {(double sided) sequence { fn}nez inR : >, , f2 < +00}, where

N
- 2= lim Z 2
Zf” N,M—+00 I

k=—M

kEZ

- ng — /ng du(n) (with u(A) = |A]);

kEZ

— W Hod e = 3 fa- g

kEZ

e = S0 2

kEZ

Consider the Banach space

1/2
LA(X, o, ;) with the norm ||u|| 2 := [/ lu(z)|? d,u(x)}
X

If one puts
(] v)ys = [ u()ole) duo)
X
one gets an inner product that generates the above norm || - ||;2. Remark thereby that for
example

(ulu)y,,» =0 u=0pae < u=0.

Since L% (X, o, j1) is complete with respect to the generated norm || - ||z, LA(X, <7, ) is a
Hilbert space:

Proposition 358.
LA(X, o, i) equipped with the inner product

ww%wzéwmw@mmm

is a Hilbert space over C.

Remark that this inner product has the required symmetry property:

(wlv) = ([;1mx>-étiidu<x>:=L[;5155~v¢x>du<x>

_ /Xm.m) dp(z) = (v ] ).
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Example 359.
As typical examples of such Hilbert spaces, let us mention:

o [Z(R):=LA(R, Z(R),\');

o L2([0,T7) := L*([0, T], Z(R)| (0,11, A'[0,7) that models complex-valued T-periodic
signals;

e (%(Z) := {(double sided) sequence { fn}nez inC : >, ;| ful* < +o0}, where

N
2 _ : 2
D= lm Y
k=—M

kEZ
= U = [ Ul dutn) (with () =)y
kEZ Z
U} b = 3 7
kEZ
- H{fn}HZ? = Z |fn|2
kEZ

10.2.4. Orthogonal projections on Hilbert spaces

We consider the following minimizing problem

Find v € M such that
|lu— o] = inf{|ju —wl| : we M}
under the following assumptions:
e M is a closed linear subspace of
the Hilbert space (X, (- | -))
e u € X is kept fixed.

/

N

v

Remark 360. Let us remark that M, as a closed subspace of the Hilbert space (X, (- | -)), is
itself a Hilbert space (with respect to the same inner product (- | -)
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Definition 361.
We denote by M+ the orthogonal complement of M:

Mt ={weX : (w|v)=0forallv e M},

ML

Proposition 362.

Hyp  Suppose that M is a closed linear subspace of the Hilbert space
(X, (] ) overK.

Let u € X be a given (and fixed) element.
Concl

1. The problem

Find v € M such that
|lu —v|| = inf{||ju —wl| : we M}

has a unique solution
vi=PueM

and
u—ve Mt
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2. There is a unique decomposition of u of the form
u=v+z wherev € M and z € M~ .
with v = Pu and z = u — Pu. We write

X=MoM"

0 -~
/\7 '\EU:PU

The proof will use the parallelogram rule: thus the above minimizing problem cannot be
solved in a Banach space that is not Hilbert. In fact, in Banach spaces, the above minimizing
problem can only be solved if for example dim M < oo; and in Banach spaces, we cannot
speak about the orthogonal complement or the orthogonal decomposition.

Proof. (I) An equivalent formulation for our minimizing problem:
Since, for v € M, we have

lu—ol* = (u—v]u=—0)
= lul® = 2% (u | v) + [0,
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we can formulate our minimizing problem as follows:

For the fixed element © € X,
find v € M such that
G(v) = inf G(w),
weM

where G(w) := ||w|* — 2R (u | w)

Since
G(w) > [|w]® = |ul - [lw]| = Jw]] - [[lw]l = Jull],
We get

inf G(w) = a > —o0.
weM

2
lleoll* = flull - [lwl]

llwll
[lull

_lu)?
4

(ID: A minimizing sequence:
Thus, we may choose an so-called minimizing sequence {w, } 7> in M. By that we mean
a sequence of elements w,, € M with

G(w,) \ «, as n — oo.

Remark that this minimizing sequence {w,, },/>] is a Cauchy sequence.
Indeed, by the parallelogram rule, we have

G (wn) =!|wnH22— 2R (u | wn)
G (wm) =llwml® = 2R u | wn)
2G (wy) + 2G (W) =|lwy + Wi ||* + Jwp — wi[|* = 4R (u | wy + wi)
4G (ntm) =||wy, + wp,||? — AR (u | wy, + W)
ie.
2G (w,) + 26 (w,,) — 4G <%) =l — w?
But
G(w,) = a+o(l), asn — oo
G(w,) = a+o(l), as m — 0o
o (wn —|2— wm) -
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Thus given any € > 0, we have for n and m large enough (say n, m > ny = ng(e)),

Wy, +wm)

0 < [lwy — wal® = 2G(wn)+2G(wm)—4G( 5

< 4a+e—4a=-c¢.

Thus the minimizing sequence {w, }.t> is a Cauchy sequence.
(IIT) The limit of the minimizing sequence is a minimizer:
Thus, the minimizing sequence is converging, say

lim w, :=v € M.
n—oo

By continuity of the functional GG, we have

G(v) = G(lim w,) = lim G(w,) = a.

n—o0

Thus, the limit of the minimizing sequence is a minimizer of G.
This means that v = Pu is the element that achieves

inf |lu—w|.
weM

(IV) So it remains to show that ©w — v € M*.
To show this, we consider, for each fixed h € M the functional

o) = |lu—(v+t-h)|? where v = Pu
I(u—v)+¢- A
= Jlu—v|?+t-2R{u—v|h)+t*-]|h|?

MJ_

/u

@)
o /U‘@ h

Since v is a minimizer, ¢(t) is minimal for ¢ = 0, this being so for any choice of h € M.

©(t)
M+ /|
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Thus J
Ozago(t)|t:o=2§ﬁ(u—v|h>:0, Vh € M.

If K =R, we get
(u—wv|h)=0, Vh € M,

sou—uv & Mt
If K = C, we may consider ih instead of h, and we get

R(u—v|ih)y=S(u—v|h) =0, Vh € M.
Putting all together, we get again
(u—wv|h)=0, Vh e M,

sou—v € M.
This closes the proof! [

10.2.5. Linear functionals and Riesz Theorem

We consider, for a given Hilbert space (X, (- | -)) over K the corresponding dual space that
we denote by X*:

X*:={f: X - K : fisbounded an linear}.

Recall that we have introduced the notation

When equipped with the norm

I£11:= sup (f,w),

the space (X*, || - ||) is a Banach space.
Our aim is to identify the dual space X™* and to show that this dual space is Hilbert, too.

Example 363.
Consider a Hilber space (X, (- | -)) over K.
Then, any given v € X can be considered as a bounded, linear functional f, through

(foru) == (u]v)y,  VueX,
since (- | v) is linear in the first slot and since

[{fo, )| = [{u] o) | < [lv]
~—
=l foll

[l
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Thus, identifying f, and v, we may write
X C X"

Surprisingly, the following proposition shows that the inverse inclusion holds, too.

Riesz representation theorem

Proposition 364.

Hyp  Consider a Hilbert space (X, (- | -) and its dual space (z*, || - ||) (as
"~ aBanach space).
Concl Then, Remark
Vfe X*
Jv € X such that
(fru)=(ulv), VuelX

, where

can now
Moreover,

fll =1l
1A= 1171

x and vl = lvllx.

Proof. (I) The element v € X is uniquely determined by the bounded, linear functional

f:
Indeed, suppose on the contrary that two elements v; and v, € X exist for the same f € X*.
Then
(wlv)=(ulv), VueX

imply
(u| vy —wvg) =0, Yu e X.

Choosing in this relation u = v; — vo, we get
lor — U2H2 = (v1 —va | vy —w2) =0,

so that v; = v,. (II) What remains to be shown:
The above example has shown that any v € X can be identified with an element f, € X*.
Thus it remains to show that

Ve X", FJveXwith (f,-)=(]|v).

Remark that we can take v = 0 if f = 0. Thus it remains to prove the above claim for
f # 0. (D) ker(f) is a closed, linear subspace of X:
Indeed, let {u, };'> be a converging sequence in

ker(f):={ue X : (f,u) =0} = f(0)}.
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Then, since f is continuous, we have
(fyu) = (f, im u,) = lim (f,u,) =0,
n—oo TL—}OO\“,_/
=0
so that u € ker(f). Thus ker(f) is closed.
The fact that ker(f) is a linear subspace is standard, since f is a linear mapping. (III) If

[ # 0, there is an element v, € ker(f)*\ {0}:
If f # 0, there exists an element ug € ker(f)*\ {0}, for else

ker(f)* = {0}  and thus ker(f) = X

so that
(f,u) =0, Yu e X
ie. f=0.
Thus
<f7 U0> 7é 0
and

(IIT1) Decomposition of X with respect to ker(f) and ker(f)~:
We get in this way the following relation

<f,%-uo>:<f,u> Yu e X

<f,u— é{i’% -u0> —0 YueX

u—%~uoeker(f), Vu e X.

So we get the following decomposition

A PR P O

Ekgrr(f) eker(f)+

that we write as

Thus

Remark that in the above described decomposition

X = ker(f) @ ker(f)*
——

=span ug

the dimension of ker(f)* is 1.
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Uo

(IV) The choice of v:
We take now

Then, for all u € X,

o) = e =a-{ [u= g w4 )

A N S s
« <<f,uo> ol > Gogy 10
= <f7u>

Thus we are done!

Corollary 365.

Hyp  Consider a Hilbert space (X, (- | -) and its dual space (z*, || - ||) (as
a Banach space).
Concl Then, forall f € X*\ {0}, we have

o dimker(f): =1;

o the decomposition X = ker(f) @ ker(f)* is given by

. {u_ (f,u) -u0}+ hw o Lex

<f,U0> <f7u>

[ N

-

eker(f) eker(f) -

10.2.6. The duality map
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Definition 366.
Given: a Hilbert space (X, (- | -)) over K
we define: the duality map as:
the mapping

J: X=X, v Jw) = (]|v).

Remark 367. Thus
(J(v),u) = (u|v), Vu e X.

Proposition 368.

The duality map
J: X=X v Jw) = (]|v).

is
e bijective
e continuous

® norm preserving:
[T =1vl,  VueX

If K = R, the duality map J is linear.
If K = C, the duality map J is anti-linear, i.e.

J(a- v +wvy) =a- J(v1) + J(v2), Va e C, Yu, v € X.
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11. Bessel’s inequality and equality

11.1. Orthonormal sets

Let (X, (- | -)) be a Hilbert space over K.
Consider a finite subset
{u17u27‘ . uuN} cX

as well as an infinite, but countable subset

{v1,v9,...} ={v, : ne N} C X.

Definition 369.

1. {uy,ug,...,uy} C X is a finite, orthonormal set in (X, (- | -)):

1 ,ifk=m

Vk,m e {1,2,...,N}, m) = Opm = .
m € { b (uk | um) = 0k {0 ik £m

2. {v, : n € N} C X is an countably infinite, orthonormal set in (X, (- | -)):

1 Lifk=
Vkom e N, (ug | wn) =S =4 .
0 ,ifk#m
Proposition 370.
Hyp  Suppose that {uy,us, ..., uxy} C X is a finite, orthonormal set in

the Hilbert space (X, (- | -)) over K.
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Concl If, for some u € X, we have

u:Zak~uk, with oy, € K,

then
ar = (u | ug) , fork=1,2,... N,
ie.
N
k=1
(no other possibility!).

Proof. The proof is similar to the one given below for countably infinite, orthonormal sets. [

(u|un) uny k=== === == - —— - — = = = u=(u|uy) up+---+(uluy) uyn

uN

Proposition 371.
Hyp  Suppose that {u,, : n € N} C X is a countably infinite, orthonor-

mal set in the Hilbert space (X, (- | -)) over K.
Concl If, for some u € X, we have

(o.0] n
U= E o - up = lim g Qay, - Ug, with oy, € K,

then
ar = (u | ug) , fork € N,
ie. -
w3 Gl
k=1
(no other possibility! ).
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11. Bessel’s inequality and equality

Definition 372.
We call

ar = (u | ug)

the the Fourier coefficients of u.

Proof. The claim follows from:

(ulup) = <7}g§ozaa u; | Uk>

= lim <Z a; - uj | uk> continuity of inner product
n—,oo

= lim a; - (uy | ug) = ay.
=31
:ak?frol >k
Definition 373.
Given: a finite, orthonormal set {uy, us, ..., uy} C X in the Hilbert space
(X, (-|-)) over K
we say: this set {u1,ug, ..., uyn} is complete iff:
N
U=Z(u|uk)uk, Vu € X.
k=1
Definition 374.
Given:  a countably infinite, orthonormal set {u,us,...,} = {u,
N} C X in the Hilbert space (X, (- | -)) over K
we say: this set {uy, ug, ...} is complete iff:
U=;<U|Uk>UkZJI_)IgO;<U|Uk>Uk, Vu e X.
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11.2. Least square method of Gauss

11.2. Least square method of Gauss

Let us consider a finite, set {uy, us, ..., u,,} C X in the Hilbert space (X, (- | -)) over K. We
put
M := span {uy, ug, ..., Up}-

We yet know that the problem

Given any v € X,
find v € M such that
Ju —v[| = infyen [[u — wl]

has a unique solution.

We formulate now the same problem with respect to the finite, orthonormal set {uy, ua, . . . , Uy, }-

To this purpose, we set

2
K" >R, fla,ag,...,qn) =

m
U — g Qy, + Uy,
k=1

Thus, we get the following equivalent minimization problem:

Given any u € X,
find (&, @y, ..., a&n,) € K™ such that

f(&l; 641, ce ,&m) = (al’a2’.i“r’l£m)€]1§m f(Oéh Ao, . .. ,Ozm).

Proposition 375.
Under the above made assumptions, there exists a unique
(6&1,&1, R 7&m> c K™
such that
flan, ;... a) = inf flag,ag,. .o an)
(a1,02,...,00m ) EK™
Moreover
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11. Bessel’s inequality and equality

Hence,
m

D (| wg) -y

k=1

is the best possible approximation of u inside

span {uy, Ug, ..., Up }

Proof. We have

m m
flag,ag, ... ap) = <U—Zak~uk | u—Zaj-uj>
k=1 j=1

m
= Jull® =D an - (we | w) —
k=1

ZO‘_J (u [ uy) +ZZO‘/’€O‘J (we | uy)
j=1 k=1 j=1
= Jfull® =Y k- (un [ w) -
k=1
o (ufuk) + Y lox/?
k=1 k=1
Remark that
) = = [l ug) = ] - [{uT ) — ]
= [ uwe) P = an - (u | u) — @ (u ] wg) + oyl
so that . .
flan,an, o) = [lull> =7 | (u fw) P4+ [ w) — af?
k=1 k=1
Thus, f(aq,ag, ..., ) is minimal exactly if
ar = (u | ug), fork=1,2,...,m.

According to Proposition [362]

m

> (uf ) -y

k=1
is the orthogonal projection Pu of u on

M := span {uy, ug, ..., Up}-
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11.3. Bessel’s inequality

The error of the approximation of u by

m
> o)
k=1

is

u—Z(u|uk>-uk€ML.

error: u — » 0 (ufug)ey

From the above proof, we can derive the following result:

Proposition 376.
Under the assumptions made in Proposition [373] the magnitude of the error is given
by

m

o= u ) el = Hlll® =Y 1 Cu | ) |

k=1

11.3. Bessel's inequality

Proposition 377.

Hyp Consider a finite, orthonormal set {uy,us,...,uy,} in a Hilbert
space (X, (- | -)) over K.
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11. Bessel’s inequality and equality

Concl Then .
VueX, Y [(u]w) < ful”.

Moreover, if for some u € X, we have

m
Dl w) [P = Jlul?,
k=1

then, for this u, we have

m
v=3 ()

k=1

Proposition 378.

k € N} in a Hilbert space (X, (- | -)) over K.
Concl Then

Yu e X

and
> ey [ [ ug) P < .

Moreover; if for some u € X, we have
o0
> 1| ) [P = [lull?,
k=1

o
then, for this u, we have u = Z (u | ug) - ug.

Hyp Consider a countably infinite, orthonormal set {uy, us, . .

J=Auy :

i [ lue) P < lufl?, form=1,2,3,...

11.4. Bessel's equality

Corollary 379.
The countably infinite, orthonormal set {uy,us, ...} = {uy
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space (X, (- | -)) over K is complete

e if and only if:
Yu e X

w= Y, b | ) -
e if and only if:
Vu € X
D | [ ) |2 = [lull,

Proposition 380.

Hyp  Consider a countably infinite, orthonormal set {uy, us, ...} = {uy :
k € N} in a Hilbert space (X, (- | -)) over K.
Suppose that the set

{Zak-uk :m e {1,2,3,...},ak€Kf0rk::1,2,...,m}
k=1

is dense in X. By this we mean that

Ve>0
Vue X
dm e {1,2,...}and oy, ..., o, € Kwith

lw =32k - sl <e

Concl Then this orthonormal set is complete.

Proof. Letu € X be given. Then

Ve >0
dm e {1,2,...}and oy, . .., v, € K with

lu =22k -]l <e.

By the last square property, we have

m

lu =" (u ] ) - wel| < e
k=1
Thus
[e.9]
u = (u | ug) - uy,
k=1
so the orthonormal set is complete. [
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11. Bessel’s inequality and equality

Parseval’s equality

Proposition 381.
Hyp  Suppose that the countably infinite, orthonormal set {uy,us, ...} =

{up : k € N} in a Hilbert space (X, (- | -)) over K is complete.
Concl Then, Vu € X and Vv € X, we have

{ulv)y=) o B
k=1

where
ar = (u | ug), and B = (v | ug), fork=12....

In short:

(ulv) = (ulu) {oup.

k=1
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12. Fourier series: the L?-approach

12.1. Fourier series: the classical
theory

Let us recall the main result of the classical theory.

Proposition 382.

Hyp  Let the T-periodic signal
f:R—=C, t— f(t)

be of class C*.
Consider the set {c, } ez of Fourier coefficients

i
Cn = cp(f) = %/0 f(t)-e 2t dt

(representing the contribution of the harmonic of frequency 7 to the
given signal f).
Consider the partial sums

N
Sn(f) = D ealf)- 5
n=—N

Concl
1. The partial sums S, (f) converge to the given signal f:
N
lim Sy(f) = lim Y c,(f) 7' =f(t), VteR

N—oo N—oo
n—=—

2. This convergence is uniform:

im_(suplSw()(0) - 101 ) 0.

Thus, Ve > 0, there is a threshold Ny = Ny(¢) such that

VN > N
ISn()(E) = f(B)] <&, VEER.
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12.2. A closer look to the formula defining the Fourier coefficients

Dini’s condition

Proposition 383.

Hyp Let f : R — C be a piecewise C' signal, such that at the points of
discontinuities, the unilateral limits of the derivatives exist (Dini’s
condition).

Concl Then . o
(su1)(0) = L2HIE),

Thus, at points of continuity, we have

(Snf)(t) = f(?),

lim vVt € R.
N—o0

lim
N—o0

whereas at jump points, the limit gives the mean value at the jump.

Remark 384. Under Dini’s condition, the convergence is no longer uniform: at the jump
points, one can observe Gibb’s phenomenon.

12.2. A closer look to the formula
defining the Fourier
coefficients

If one looks at the definition of the Fourier coefficients

T
cn(f) = %/0 F(t) - e 2 gy
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12. Fourier series: the L?-approach

one may ask for which class of functions these formulas make sense. Since

f(t) - e ™5 = | f(t)]

we can define the Fourier coefficients for all stable signals, i.e. for all signals f € L ([0, T)).
Thereby

e we interpret fo e~ 2™7! dt as a Lebesgue integral and

e we put
LE([0,T]) := LE([0, 1,2 (R) o1, X[ o,1)-
Thus we get

Lemma 385.
For all f € Li([0,T)), the Fourier coefficients

1 [T .n
_ T/ f(t) X 6_27”?1: dt
0

(for n € 7Z) are all well-defined and finite (i.e. elements in C).

Let us have a second look at the formula defining the Fourier coefficients:

1 [T .
= — t) - e 2mTt |t
T /0 ft)-e
We can write this in the form

3107 o ),

if the signal f belongs to the Hilbert space LZ([0,T]) equipped with the inner product

) o0 = [t

H_ — <Le27ri;it | Le2ﬂ'i,’;t> —1.
VT 12 VT VT 12

Moreover, for n,m € Z with n # m, we have

vT VT o T

T

Remark that, for n € Z,

2mifEt

1 627ri "}m t

*N—MmM
T 2w T |,

=0.

Thus we get
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12.3. A dense set in L2 ([0, T))

Lemma 386.
The set .
n
—e\(t) : A==,neZ;,
{700 A= pnez]
where

6)\(t) _ e27ri)\t,

is a countably infinite, orthonormal set in the Hilbert space L% ([0, T)).

The sum

where
1 [T o
alf) =7 [ 50 a
T Jo
can be written as

N

SN = Y <f(t)|%.62m’¥t>y.ﬁ,e2m‘;t
= D (FO leg®) - enld),

with the help of the above introduced countably infinite, orthonormal set

- €

{ (t) : neZ}

S

S5~

12.3. A dense set in L%C([O,T])

Proposition 387.
The set

A={f:[0,T] = C : fisofclass C* with f(0) = f(T)}
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12. Fourier series: the L?-approach

is dense in L%([0,T1). Thus

Ve >0, Yue Li(]0,T])
Jv € A such that lu—v|L2 < e.

Proposition 388.
For all signals f belonging to

A={f:[0,T] = C : fisofclass C* with f(0) = f(T)}

the corresponding Fourier series converges uniformly to the given signal f.
Thus the Fourier series of f converges to f in the L*-norm

J\}Enoo HSN(f) - fHL2 = 0.

Since
A:={f:[0,T] — C : fisofclass C* with f(0) = f(T)}
is dense in LZ([0,T7]), the set
N
{ Z ape®™rt . N €{1,2,3,...},a, € Cforn=—N,—N + 1,...,N}
n=—N

is dense in L4([0,T]), too. Thus we get

Proposition 389.
The countably infinite, orthonormal set

&

{ (t) : neZ}

SIS

5=

is complete in L([0,T)). Thus

vf € Le([0,11),  lim [ISy(f) = fllz2 = 0.

Proof. This follows from

N

1 n n
f = lim <f(t) ’ - . 627”Tt> . ﬁ . 62m?t
N—oo — ﬁ
N
— 1 2wl
= Jm D elf) e
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Thus we get

F=> ealf)- et fe L2([0,T)),

where the above equality must be interpreted as an eqnality in L ([0, 7).

12.4. The L*-theory for Fourier
series

We get in this way a mapping
Fr Le([0,T]) = (2(Z),  f(t) = {ca(f)}nez,
where ((7Z) is the Hilbert space including all “double-sided” sequences
s Cpy ey Co1,C05Cly e ooy Cry e e

with

Z|C"|2 hm Z en)? < 400

neL n*
equipped with the scalar product

{an} [ {bn})e = lim > b= an by

nez

Indeed, due to Bessel’s equality, we have, for all f € L4([0,T]),

<()|\/_ )

- ]&:H;OZM

= T |{en(Nlliz < +o0.

N 2

7> = Jim

N—o0

Moreover, due to Parseval’s equality, we have, for all f, g € L4([0,T]),

(flg) = lim . <f(t) | 1 e2m';it> . <g(z€) | 1 ezm';t>
L N—>oon:_N T L2 T 12
N
= T lim 3 ) ele) =T Y calf) - ealg)
n=—N neZ

= T-{ealN)} [H{en(9) e
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Putting this all together, we get

Proposition 390.
The mapping

Fr: LE([0,T]) — G(Z),
is a well-defined bijection, with

L |[flIz: =T - {ea(H)}Hz VS € Le([0, T));

2.
Fris linear:

Cn<a s g) = Q- Cn(f) + Cn(g)a

The partial sums
N

Sn(f):

n=—N

are the best possible approximation of the given signal f € L%([0, T]) with respect

to all signals inside

span {e*™7' : n € {-N,

F@) = {enlf) tnez,

(flg)e =T {en(N} [H{en(H e Vo9 € Le((0,T1);

VaeC, Vfge L&(0,T)).

Z Cn(f) . e?ﬂ'i%t

...,—1,0,1,...,N}}.
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13.1. The Fourier transform in L!

We put in what follows
L2(R) := L (R, Z(R), \")

[ a
R
as Lebesgue integrals.

The we have yet mentioned the following result.

and we interpret integrals like

Proposition 391.
The Fourier transform

1(t) -~ Fuslf / £(t) - ¥ dt = (),
where Cy(R) is the set containing all continuous functions f : R — C with

Iflloo = sup | f(?)] < +o0,
teR

is a well-define, bounded and linear operator with
[Fl <1,

i.e. with

sup | f(N)] < [|.f]|z1,
AER

Remark 392. Let us mention that
Gy(R) C LE(R)

and that
[flloe = [Ifllzee,  Vf € Co(R).
Thus we may consider 1, as a linear, bounded mapping

Fn: LL(R) — LE(R).

Here again
[Fo <1,

ie.
[l < fll,  Vf € Le(R).
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13.1. The Fourier transform in L'

Lemma of Riemann-Lebesgue

Proposition 393.
Forall f € LE(R), we have
lim f()) = 0.

A—+o00

Proof. This is so for f(z) = x4 Since in this case

2mixt |b

; ’ it €
A) = AL dt =
FA) /a ¢ 2miN |,

so that
for A # 0.

Thus, the conclusion of the proposition is verified for all simple functions [ € (R, Z(R)).
The general case follows now by remarking that, given a f € L{(R), there exists a sequence
of simple functions {g, },/° with

lim [|f — gullz = 0.
n—oo
Thus, for any sequence {), } /> converging to +oo or to —oo, we have

|f()‘n) - gn<>‘n>| S “f - gn“L1 — 07 VA eR.

This implies R
i ) =0
since limy 1+, gn(A) = 0. O
Proposition 394.

Hyp  Let f and g be two signals in LE(R).
Concl Then

1. Both f(t) - §(t) and f(t) - g(t) belong to LL(R).

2. Moreover

Aﬂwmﬂﬁ=4ﬂMﬂMMX
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13. Fourier transform: the L*-approach

Proof. The first point follows by Holder from f, § € L¥(R).
Concerning the second point, we have by Fubini’s theorem, since

Ft)g(Ne ™ € Le(R?),

Lfayar = [ oo [ e aran
_ /R (1) /]R g(N)e 2N g dt
- / £t) - g(t) dt

that

13.2. Rules for computing with the
Fourier transform %,

13.2.1. Linearity
a- ft)+g(t) o— a-fA)+a(N)

Proposition 395.
The Fourier transform Fr: : Lt(R) — L¥(R) is linear.
Thus, Vo € C,Vf, g € L&(R),

Fpa- f(t) +9@)](A) = a- FulfH)]I(A) + Fnlg®)](M),

ie.

[ f(0) + g()]" = a- f(A) + 3.

Proof. This follows from

[ s o)™ = [ (g0 4 gty ar
= /f 72m>\t dt—i—/g(t)'e%i/\t dt
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13.2. Rules for computing with the Fourier transform .%

13.2.2. Multiplication by powers of time
(=2mit)"f(t) o—  Zmf(\)

Proposition 396.

Hyp  Suppose that the signal [ is such that

t* . f(t) € Lt(R), fork=0,1,2,...,m

Concl Then its Fourier transformed f (A) is m times differentiable and, for
k=0,1,2,...,m,

%f@) = Fpa[(=2mit)* - fO)N) = [(—2mit)" - ()] (V).

Proof. We give the proof for m = 1. For m > 1, one can use induction.

d ;o fO+h) =)
/W= lim h
e—27ri()\+h)t _ 6—27ri)\t

In order to apply Legesgue’s dominated convergence theorem, we need an integrable majora-

tion for the integrand. But

6—27ri()\+h)t _ 6—27ri()\+h)t

f(t) . - — f(t) . 672m'(/\+19-h)t . (—27Tit)

for some ¥ €]0, 1].
Thus we get the majoration

e~ 2mi(A+h)E _ p=2mi(A+h)t )
f(t)- - =[t- f(t)] € Le(R).
By dominated convergence, we get now
d - o—2mi(Ah)t _ p—2mirt
— = 1l t) - dt
S/ = [ ) ;
o 2miHR)E _ p—2mixt
= lim [ lim (f(t) : ) dt
h—0 Jp h—0 h

_ /R (—2mit) - () - =27 gy
= Fp((=2mit) - f)](N).
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13. Fourier transform: the L*-approach

13.2.3. Derivatives

A

G f(t) o— (2miA)™ - f(\)

dtTﬂ

Proposition 397.

Hyp  Suppose that the signal f is such that
e fisofclass C" for somen > 1;
o £, f ..., f® € LL(R).
Concl Then, fork =1,2,...,n,
FolfF I = @mid)" - FulfE)](N),

ie.

—_

FBQ) = (2min)* - f(N).

Proof. We give the proof for n = 1. For n > 1, the result follows by induction.
Since f’ € L (R), we have (by dominated convergence) that

T

! _ : / L o2miAt
oy = dim [ f)-ear
— ; L p2mit|T . ! . . . o2t
= lim f(t)-e |—T+TEE?OO _T(zm) f(t) - ¥ dt
= lim f(¢)- 627”'”[ + /(27ri)\) f(t) - P dt
T—+o00 T R

= lim f(t)- ¥+ (2miN) - f(N).

T—+00

Thus, if we can show that
lim f(t)= lim f(¢)=0.

T——00 T—>+00

we are done!
Since f € L{(R), it is enough to show that the limits

lim f(¢) and lim f(¢)

T——00 T—+00

both exist. We show this for 7 — +o00 and leave it to the reader, to check in a similar way the
result for 7 — —oo.
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13.2. Rules for computing with the Fourier transform .%

We have .
+ / fI(t) dt
an thus, since [’ € LL(R), the following limit exists:
“+o0o

lim f(7)=f(0)+ 1) dt

T—+00 0

13.2.4. Shift in time
f(t N a) O—  e—2mia, f()\)

Proposition 398.

Hyp  Letf € LE(R) and a € R be fixed and given.
Concl Then .
Fu[f(t = a)](N) = e Zn[f()](V),

le.

flt—a)(N) = e f().

Proof. This follows immediately form

t—a)- e—27ri)\t dt = f —271'2)\ (t+a) dt
[t —a)
R
— —27r7)\a X / f(t) 6—271'1)\15 dt
R

13.2.5. Modulation
et f(t) o—  f(A—w)

Proposition 399.

Hyp  Let f € Lg(R) and w € R be fixed and given.
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13. Fourier transform: the L*-approach

Concl Then

ie.

Proof. The claim follows from

/627riwt . f(t) . 6—27ri)\t dt = /f(t) . 6—27ri()\—w)t dt
R

R

13.2.6. Scaling
fla-t) o— - f(\a)

Proposition 400.

Hyp  Let f € Le(R) and a € R\ {0} be fixed and given.
Concl Then f(a-t) € LE(R) and

lal a

Fulf(a- 00 = & - Fulf©)] (5> |

Ie.

Fadm =7 (3):

lal

Proof. This follows form

/ f(a . t)e—2m>\t dt = —. / f(t) . e—27rz)\t/a dt.
R lal Jr

13.2.7. Convolution

Proposition 401.

Hyp  Suppose that f € Li(R) and that g € L{.(R) with p € [1, +o0].
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Concl The convolution
(F+9)@) = [ Ft=m)-g(r) dr
R

exists for a.a. t € R.
Moreover

(f *g) € Le(R).

and
£ *gllp < [ fll1 - [lgllp-

~

(fxg)(t) o— f(A)-g(N)

Proposition 402.

Hyp  Suppose that f,g € L¢(R), so that f x g € L¢(R) again.
Concl Then

Fral(f * g)D](A) = Fra[f(O)](A) - Fra[g(O)](A),

ie.

Proof. Since f * g € L{(R), we may use Fubini’s theorem to get

/R<f *g) (e dt = /R ( é f(t=7)-g(r) dT) e gy

_ /g(T) . 6—27ri>\7'/f(t i 7_) . 6—27ri>\(t—7') dt dr
R R

= /g(T) L @AM ( f(t) - e 2™ dt) dr
R \JR g

v~

N
~/ma«2mwh:ﬂM@@»

R

=f
=/
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13. Fourier transform: the L*-approach

13.3. The inverse Fourier transform
in L1

Definition 403.
The inverse Fourier transform is defined by

Fit Le®) » LER), [ = FFO)0) = / F)E™ .

Remark 404. The inverse Fourier transform % L_ll has the similar properties as F1:

e linearity: R
a-fA)+g(x)  —o a-f(t)+g(1)

o multiplication by powers of \ and derivatives:

riA)" - fO) o S0, o f

- (\) o— (—2mit)" (1)

e shift in A\ and modulation in time:

A~

fA—w) o— ST f(t), P f(N) o f(t—a)

e scaling:
1 .
a f(Xa) o— fla-1).
Proposition 405.
Hyp  Suppose that the signal f and its Fourier transform f (\) both belong
to Li(R).
Concl Then

FRITNI) = f(2)

in all points t where f is continuous.

Proof. We will omit the somewhat long proof! 0

Remark 406. Remark that the signal X,4(t) (rectangular pulse) belongs to Li(R), but its
Fourier transform does not belong to L{(R).
This simple example shows the limitation of the above result.
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13.4. The Schwarz space

Definition 407.
The Schwarz space is the set of all functions

fR=C, tw f(t)
satisfying the following properties;
1. feC®R);
2. forallnand m € {0,1,2,3,...} we have

lim ¢"- f™(t) =0

t—+o0
(i.e. f is quickly decreasing!).
We denote this space by ..

Proposition 408.
We have
7 CIAR),  Wpe Lo

and the above inclusion is dense. Thus

VfeLL(R), Ve>0
dg € . such that ||f — g||» < €.

Remark 409. Thus, the Schwarz space . is quite large.
Moreover, Z11[f(t)|(N) is well-defined for all signals | € ..

It follows immediately from the above definition, that the Schwarz space is closed under
“taking derivatives” and “multiplying with ¢

Proposition 410.

Hyp  Suppose that the signal f belongs to the Schwarz space &/
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13. Fourier transform: the L*-approach

Concl Then
1. t"- f(t)e s, VYn=1,23,..

2. fMit) e, VYm=1,2,3,...

Proposition 411.
If one restrict the Fourier transform Z .1 to the Schwarz space, i.e. if one considers

52';: ﬁp]y,

then
F .S =S, f@) = ZIfO)N) = /Rf(t)e%m dt

is a linear mapping, that hat the same properties as %1 with respect to
e [inearity,
e multiplication by a power of time,
e differentiability,
o shift in time,
e modulation,

e convolution.

Moreover, f € & = Z[f(t)|(\) € ..

Proof. Let us fix some f € S. Then
t"-f(t) e S C Le(R),  ¥Yne€{l,2,3,...}.

Thus f()) is of class C.

Moreover, the signal
m

(1) i= S (=2mit)" - £ (1)

belongs to the Schwarz space .7 (m, n € {0,1,2,3,...}); thus g € LE(R), so that, due to the
Lemma of Lebesgue-Riemann (see [393)

lim §(\) = 0.

A—+oo

But
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13.4. The Schwarz space

so that o
Jm A /() =0

Thus
fes = Z[fH))(\) €.~

Since .7 is a restriction of .% 1, this mapping .# has the same properties as .% 1. So we are
done! [

Remark that, for all f € ., we have
1. f €. C LL(R), so Z [f(N)](t) is well-defined and

2. since f is continuous

Remark however, that

[ty = F7UFE)
= / FN)2™ M dA
= ﬁ[f(k)](—t)
f(—t) = ZIfV]1), VteR
Thus we get
Ff()t) = f(=t), VteR
Proposition 412.
Hyp  Let

F .S S

be the restriction of ¥ to the schwarz space.
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13. Fourier transform: the L*-approach

Concl

F3 is the inverse mapping F ' to .F |.

FoF t=1on;
e ZloZF =1ons

3. The mapping ¥ : . — . is a bijection.

Proof. All follows from

and

F . & — . preserves the L?-norm

Proposition 413.

The bijection
F .S =S

preserves the L*-norm and the L?-inner product. Thus, for all f and g € ., we have

IZFOIM 2 = [1f (#)]]z2

and

(FO190) = () | gt)rs).

L2

Thus, .7 is a linear, bounded operator that preserves the L*-norm:

F & L(A, ]| - [|2))-

Remark however that (-, || - ||12) is a pre-hilbert space, but it is not a Hilbert space.

Remark 414. Remark that (f(t) |
g € LA(R), so that the product f(t
The same argument shows that

(P10 s IO and 1)z

g(t)12) is well-defined for f and g € .7, since then f and
) - g(t) is integrable.
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13.5. The Fourier transform in L?

are all well-defined.

13.5. The Fourier transform in L?

13.5.1. Densly defined bounded, linear operators

Proposition 415.

Hyp  Suppose that
o (X, | l|lx) is a normed space and that
e (Y,| - |ly) is a Banach space.

Let D C X be a dense, linear subspace and consider a bounded
and linear operator

T:D =Y.

Concl Then, there exists a unique bounded and linear extension T of T to
X: . 5
T: X =Y, Tlp=T.

Thus

Tr =Tz, Vr € X.

Moreover, we have 3
T[] = (|-

Proof. D is dense in X. Thus, for each x € X, we can choose a sequence {z,,},'°} in D in
such a way that

lim z,, = z.
n—oo

(I) The image sequence {y,, }1°> in Y defined by y,, := T'z,, is Cauchy:
This follows from

[Yn = ymll = 1T2n = Tm|| = T (20 = 20)| < NT] - 20 = 2]

(IT) Definition of the extension:
We put now

Tz := lim Yp = lim Tx,.
n—oo n—oo

Remark that T is well defined, since the value Tz does not depend on the chosen sequence

{x,}2 converging to .
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13. Fourier transform: the L*-approach

Indeed

Tp = x,lx, >y

e D = i [T -5 =0 =y =g

ST —=2Zn |0

(IT) The extension T is linear:

Indeed
Tn 2 }:>a-xn+§:n—>&-$+E:>T(a-xn+a7:n)—>T(a-m+9‘c)
Ty — T
But 3 3
T -xy+3y) = - Tey,+ T2, > a-Te+TxZ.
Thus

T(-z+%) =a -Te+1T7,

so 7' is linear.

am |7 = |7
Indeed )
[Tl = lim | Tz, < 7] lim Jlzllx = |7 - |l2],
so |7 < |7

But T is an extension (take x,, = x if x € D), so

1T =171

13.5.2. The definition of %,

We apply the above result to

X=, -lx =11l

V=Le@®), -y =1l

T =% with ||.Z|| =1 since ||f||z2 = ||f]lz2-
Then we get
Proposition 416.

There exists exactly one extension of F : ./ — . to a mapping
Fr2: LE(R) = LE(R),  f(t) = f(N) == Fr[ ()N

This transformation is called the Fourier-Plancherel transform.
The Fourier-Plancherel transform has the following properties:
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13.5. The Fourier transform in L?

1. For f € LA(R) N LL(R) we have
FulfOIO) = [ 10)-
2. Moreover, for all f € L2(R) we have
Fralf )N = Lim g / £) - 2 dt,

[—R,R]

where 1.i. m. stands for the limit in the L*>-norm. Thus

Jim | Z[7(0](3) - / £(t) - €2 dt]| 2 = 0.

[-R,R]
Moreover, the Fourier-Plancherel transform is norm-preserving:
o [Iflze = Ifllze. for all f € LE(R);
o (1)1 9= (f 1) forall f,g € LA(R).
Thus, there exists an inverse Fourier-Plancherel transform:

I LER) = LE(R).
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14. Distributions

14.1. The space of test functions

Definition 417.
We collect in the set Z(RR) all the so-called test functions . Thereby the function

¢:R—>C, t— (%)

is a test function if

1. ¢ is of class C*° and

2. o vanishes outside a bounded intervall (that depends on ).

Remark 418. If ¢ : R — C is a continuous function, we define the support of ¢ as the

following closed set:

supp(p) == {t € R : p(t) # 0}.

Yy

[ /\ [ ] S“pp(*”)t
\/ | v s

P2(R) ={¢:R = C : pisof class C*™ with compact support}.

Then

Example 419.
The set Z(RR) is quite large, even if it is not so easy to give explicitly functions that are

test functions, since analytic functions cannot be test functions. Let us mention a simple

test function: )
e 122 if|¢t| <1
p(t) == '
0 , elsewhere.
Y
] t
-1 1 y = ¢(t)

The space Z(RR) has a natural structure of a linear space over C if one introduces the fol-

lowing point-wise operations:
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14.1. The space of test functions

o the addition:
+:I9R) x IR) = ZR), (g, ) = (0 +9)(1) = @(t) + (1),
o the multiplication by a scalar:

:Cx 2(R) - 2(R), (a,0) = (a-@)(t) == a-p(t).

A topology on the linear space (Z(R), +, -)

Definition 420.
Given:  asequence {ip, }.t> of test functions in the linear space (Z(R), +, -)
we say: the sequence {(, }.1> converges to ¢ in Z iff:

1. there is a compact intervall [a, b] such that

supp(¢) C [a,8], ¥n  and  supp(p) C [a,b].

2. Moreover, form =0,1,2, ...,

o™ —pt™)|| o 1= cy L™ (=™ ()] =0  asn — oo.
te|a.

This means that all derivatives gp;m) (form = 0,1,2,...) con-
verge uniformly to (™).

We denote such a convergence by

Yn — @ inJ.

Remark 421. Let us remark that it is “difficult” for a given sequence {p,}'> to converge in
the above sense, since there are a lots of constraints to be fulfilled.

Proposition 422.
Equipped with this topology, the space (2(R), +, -) is a topological vector space. This
means that

On—@ in9G
Vo=V N9 = ap-on+t, a0+ in9
a, »a inC
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14. Distributions

14.2. Definition of a distribution

Definition 423.
Given: the space of test functions Z(R)
we define:  a distribution as:
a mapping
T:92R)—=>C, o= Tp=(T, )
that is
1. linear:

(T,-p+9¢) = a(T, 0)+(T,¥), VaeC, Vp,pec I(R).
2. continuous at 0:

o, —0 in2 = (T,p,) >0 inC.

Remark 424. In the above definition, we ask only for “continuity at 0. This however implies,
that distributions are continuous everywhere:

on—p in92 = (T,p,) — (T,¢) inC.

Definition 425.
We collect all distributions in a set we call 2'(R):

P'(R) :={T: 2(R) — C : T is linear and continuous}.

This is a dual space.

14.3. Locally integrable functions as
distributions
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14.3. Locally integrable functions as distributions

Definition 426.
Given: a measurable function

fR=>C, t— f(t)

we say: f is locally integrable iff:

3 / f(t) dt, V compact subset K C R,
K

where the integral is a Lebesgue integral.
This means that the function f is integrable over any compact subset.

Definition 427.
We collect all locally integrable functions in a space we call Lj,. ~(R).

Remark that L}OC’C(R) has a natural structure of a linear space when equipped with point-

wise operations.

(f+9)@) = ft) +9(t) and (- f){t) = - f(D).

Proposition 428.
1. If the function f : R — C is continuous, then f € L;,. -(R).

2. Moreover
L(Z(’:(R) - Llloc,(C(R)'

Proof. The last point follows from

/Kf(t)dtz/K 1 - f(t) dt < +o0

~—
€LT  cLp
where
1
S
P q
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14. Distributions

Example 429.
We have

f(t) = €t2 € Llloc,(C<R)'

Proposition 430.
Any function f € Lj,.o(R) can be viewed as a distribution T via

(T, ) = / [t - o) dt, Vo< I(R).

Proof. (I) T} is well-defined since

/Rf(t)w(t)dt:/ RO

eLt €L
i.e. the integrand f(¢) - (t) belongs to L.
(II) 7% is linear:
This follows from
[ 10 @0+ o) de=a- [ forpt de+ [ oo
R

(III) T is continuous at 0:
Indeed, if the sequence {¢, },/> converges in Z to 0, and if we denote by [a, b] a compact
intervall containing all supp(¢,, ), we have

Ty, o) \ 7). <>dt' / FO)]-lo(e)] dt
[a,b] [a,b]
< ;pr lon(t I/ |dt

<+oo
so that
lim (T, ¢,) = 0.

n—oo
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14.3. Locally integrable functions as distributions

Definition 431.
Given:  adistribution 7'
we say: 7' is null (is zero or vanishes) on an open set {2 C R iff:

(T, ) =0, Yo € 2(R) with supp(p) C Q.

Definition 432.
The support supp(7’) of a distribution 7 is the complement of the largest open set on
which 7" is null.

Proposition 433.
For any locally integrable function f, we have

supp(7T') = supp(f).

Thereby supp(f) is defined as

o, o=]o,

L

where O, is any open set with f|o, = 0.

Identification

Proposition 434.
1 If f € Lj,.c(R) is such that
(Ty, ) =0, Vo€ I(R),

then
f=0a.e.

2. If f,g € Lj,.c(R) are such that

(Ty,0) = (I, p), Vo € 2(R),
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14. Distributions

then
f=gae

We may thus identify L; . (R) as a subspace of 2.

Definition 435.
Distributions of the form 7' with f € Llloc,(C(R> are called regular distributions.

Remark 436. Remark that there exists nonregular distributions. Thus
Llloc,(C(R) g 9/'

The following example gives such a nonregular distribution.

Dirac distribution

Example 437.
Consider the mapping

d:2(R) — C, (0,0) := (0).

(I) 4 is a distribution:
Indeed

1. ¢ is well-defined for all p € Z(R).

2. ¢ is linear since
(- o+¥)0)=a-90)+4(0), VaecC, Ve 2R).
3. J is continuous at 0, since

on =0 in 2 = lim ¢,(0) =0= lim (4, p,) = 0.

n—oo n—oo

(ID) ¢ is not a regular distribution:
Indeed, remark that

supp(d) = {0}.
Thus, if there would exist some f € Lj,. «(R) with § = Ty, we would have

supp(f) = {0},

i.e. f = 0. But this would mean that

(T, ¢) =0, Vo € Z2(R),
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and this contradicts
(6, ) = »(0)

as soon as one chooses an element ¢ € Z(R) with ¢(0) # 0.

14.4. Elementary operations on

distributions

14.4.1. Translate of a distribution
For any f € Lj,. o(R) and for any a € R, we put

(raf)(t) = f(t—a), VteR.

Remark that, Vo € Z(R), we have
Tupe) = [ (Gah)e)- plt) de = / f(t - a)

:/f o(t+ a)

This motivates the following definition.

The translate of a distribution

Definition 438.
Given: a distribution 7" and a constant ¢ > 0
we define: the translate 7,1 as:
the distribution given by

(1T, ) = (T, 7_ap), Vo € D(R).

Periodic distributions
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14. Distributions

Definition 439.
Given: adistribution 7" and a constant a > 0
we say: 1'is a-periodic iff:

T =T,

Remark 440. Thus T is a-periodic if
(T, ) = (T, ), Ve I(R),
ie. if
(T,7-ap) = (T,p), Vo€ IR).
Example 441.
As an example of a 27-periodic distribution, we cite

Tcos t

with
(Toost, ) = / cost-p(t) dt, Vg € UR).
R

14.4.2. The product of a function and a distribution

For any f € Lj,. (R) and for any g of class C*°, we have
Traved = [ (F0)-9(0) - o(t) at

= [ 1060 ole) a
= (I, w) Vo € Z(R).
Remark thereby that
o f-g¢€ Li.c(R)if gis of class C>;
o f-pe Z(R)if gis of class C*.

This motivates the following definition.

product of a smooth function and of a distribution
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14.4. Elementary operations on distributions

Definition 442.
Given: a smooth function f € CZ°(R) and of a distribution T’
we define: the product of f and 1" as:

(g-T,p)=(T,g-¢), Vo€ DR).

Example 443.
For any ¢ of class C*°, we have

(g-0,0) =(d,9-9)=g(0) - ©(0)
if 9 is the Dirac distribution
(6, 0) =9(0),  Vee 2(R).

Thus
g-0=g(0)-0.

14.4.3. The derivative of a distribution

For any f € Lj.c(R) that has a derivative f’ and for any ¢ € Z(R) whose support is
contained in a compact intervall [a, b], we have

(Ty) = / F(8) - () dt

— [ W)

[a,b]

= f{t)- @(t)|l; - f(t) /(1) dt

_ /f
= —(T1,¢).

This motivates the following definition.

Every distribution 7" has derivatives (of any order)
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14. Distributions

Definition 444.
Given:
we define:

a distribution 7’

its derivatives (of any order) as:

1 <T/> 90> = _<T7 90/>a
2. (T", ) = (T, ¢"),
3' <CZVII7 QO> — _<T, (pl//>,

Hence, fork =1,2,3,...,

Vo € 2(R);
Vo € 2(R);
Vo € 2(R);

(T® )

(=1)M(T, "),

Vo € 2(R)

Remark 445. Let us insist on the fact that, even if a function f € L;, . -(R) has no derivative
(or no derivative in some points), this function has a distributional derivative.

Example 446.
Consider the Heaviside function
1 ,ifz>0
u:R— C, t— u(t) = ne=
0 ,elsewhere
Then:
e We have

(T = [ o) de = / ot d Ve e a®)

e u has no derivative at ¢t = 0. In the distributional sense, 7;, has a derivative 7},
defined by

(T, )
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14.4. Elementary operations on distributions

We have thereby chosen b > 0 in such a way that supp(¢) C] — oo, b]. Thus

T =¢ (in 2").

Example 447.
The Dirac distribution

(0,) = 0(0), Vo€ I(R)

has a derivative defined by

(0,0) = —(0,¢)=-¢'(0), Vpe2(R).

Thus, the second derivative of the Heaviside is given by

amwzmezlmwwm:—ww Vo € I(R).

This may be written as

T =6,  T'=4§ (in2).

Let us consider a function
f:R—=C, t— f(t)

that is continuous, except in a finite number of points
a < Qg < -+ < ap.

Suppose that in each point of discontinuity a, (k = 1,2,...,n), the function f has a simple
jump; this means that the limits

flaf)=lim f(t) and  fla;):= lim f()

t—>ak, t—>ak,

both exist (in R) and that

o = fa}) — fag) #0.

: a; <0
| ag -6
\/zx //al 1\ v=r(1)
t t\‘w \_/
ay az \
y = f(t) J

321



14. Distributions

Then, using partial integration on each intervall where the derviative exists, we get
(Ty,0) = —(Tr,¢)

= [T g

- [raema- | ) ) ar

k=1 "% a

— — 0o+ [ U olt) di—

n—1

-2 (f(t) : 90(75)‘3?1 — /akﬂ £t - o(t) dt) _
— F() )2+ " £t - ot) dt

Remark that
o f(t)- o), = flar)p(ar);

o f(t)- ()" = flag)elara) — fla )p(ar), so

=
A

—_
3
|
—_
3
|
—

3

FO) o) = 3 flap)elass) — Y Flaf)p(ar)

A

k=1 k=1 k=1
= S Flap)elm) = 3 flaf olar)
k=2 k=1
= fan)elan) + S ox - plar) — flatelar)
k=2
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14.4. Elementary operations on distributions

Thus we get
(Thg) = — () o(t), + / F(8) - o(t) dt
S (-1 - [ o) a
> (0o = [0 )
1w e [ e ar

= S awpla) + [ F0) el -
n—l e +o0
s [ e as [ e a

- Zo‘kW(ak)Jr/Rf'(t)-so(t) dt.

Let us introduce the notation (for all a € R)

O = Ta0
i.e.
(0a, 0) = (0, T—atp) = @(t + a)|,o = ¢(a)
ie.
(0a; ) == ¢(a), Vo e Z(R)
Clearly

dg = 0.
With this notations, we get now
The) = Yau-wla)+ [ £10)-olt) d
k=1 R

= Y- (G 0) + {1 9)
k=1

= <Zak~5ak+f/,g0> Vo € 2(R).
k=1

We write this as

TJ/‘ - ZO% +Oay, + Ty
k=1
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14. Distributions

Proposition 448.

Hyp  Let us consider a function
f:R—=C, t— f(t)
that is continuous, except in a finite number of points
ar < g < -+ < Qp.

Suppose that in each point of discontinuity ay, (k = 1,2,...,n), the
function f has a simple jump; this means that the limits

flat)=lim f() and  f(a) = lim f(t)

t—a, t—a,

both exist (in R) and that

Concl Then

Remark 449. In the above proposition, we may admit functions having an infinitely countable
number of simple discontinuities, if the points of discontinuity have no point of accumulation.
Indeed, in this case, only a finite number of points of discontinuity are in the compact set
supp(p), Vo € Z(R).
Thus we get the following extension:

Proposition 450.
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14.4. Elementary operations on distributions

Hyp  Let us consider a function
f:R—=C, tw— f(t)
that is continuous, except in a countably infinite number of points
{an}555.

Let us assume that these points of discontinuity have no point of ac-
cumulation.

Suppose further that in each point of discontinuity ay (k = 1,2,...),
the function f has a simple jump; this means that the limits

flaf)=lm f(t) and  f(a;):= lim f(t)

t—a, t—a,

both exist (in R) and that

o = f(af) — fla) 0.

Concl Then

TJ/‘ - Z@k'(sak + Ty

k=1

Remark that the sum -
Z ay - <6ak7 90>
k=1

is a finite sum for each p € 2(R).

Example 451.
Consider the a-periodic function f given by

f(t) =t/a, fort € [0,a]

y = f(t)

e
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14. Distributions

Then

T == b

i.e.

(M) = [ olt) de =3 ol o)

kEZ

Remark that the above integral is an integral over the compact set supp() and that the
above sum in in fact a finite sum.

14.4.4. Convergence of distributions

Definition 452.
Given:  a sequence of distributions {7, },:> and another distribution 7’
we say: this sequence of distributions {7},} "> converges to T iff:

lim (T, ) = (T¢), v € 2(R).

n—oo

This notion of convergence is noted as

1, =T (in 2.

Example 453.
Consider a sequence of real numbers {a, },">] converging to a. Then

da, — 0q (in 2")
since, Vo € Z(R), we have
Jim (0a,,, ) = lim p(an) = @(a) = (6, ¢)-

We have used the fact that all test functions are continuous.

We refer to the following property as the continuity of the derivation.

Proposition 454.
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14.4. Elementary operations on distributions

Hyp  The sequence of test functions {T,,} > converges to the distribution
T,ie. if
T, —T (in7').

Concl The sequence of test functions {1} converges to T', i.e.

T ST  (in9).

Proof. Indeed, Vo € 2(R), we have

lim (T}, ) = — lim (T,,¢") = —(T,¢") = (T", ).
n—00 —00

n

This gives the claim! ]

Example 455.
Consider a sequence of real numbers {\, },;/>5 with

lim M\, = +oo.
n—oo

Then, by the Riemann-Lesgegue Lemma, we have

lim [ o(t) - e 2™ dt = lim $(\,) =0,
n—oo R n—oo
if ¢ is the Fourier transformed of a test function ¢.
Thus
lim <T6727ri)\nt, g0> =0, Yo € @(R),

n—o0
1.e.
Tef2m‘xnz —0 (iIl @/)

2TiAn

despite the fact that the sequence of functions {e~ *} does not converge!

Proposition 456.

Hyp  The sequence { f,}t2 of functions in L(R) converges to a function
f with respect to the L*-norm.
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14. Distributions

Concl Then
Tfn — Tf (in @/)

Proof. This follows from the fact that, Vi € Z(R), we have

(s, ) — Ty, )| =

/R (Falt) — £(1)) - () dt

L1506 101 leto) at
1fn = Fllzz - lellze = 0.

IN

IN

]

Remark that the integral in the above proof is in fact an integral over the compact set
supp(¢). Thus, a similar proof works for periodic signals.

Proposition 457.

Hyp The sequence { f,, }2] of a-periodic functions (with a > 0) in L%(RR)
converges to an a-periodic function f in the sense that

tim [ [fa(t) = FOF dt = 0.
0

Concl Then
Ty

n

ST (in9').

Proposition 458.

Hyp The sequence {f,}> of measurable functions converges a.e. to a
function f and if there exists a majoration g € L*(R) with

|fn(®)] < g(t) ae onR.
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14.4. Elementary operations on distributions

Concl Then
Tfn — Tf (in @/)

Proof. By Lebesgue’s dominated convergence theorem, we have, Vo € Z(R),

lim (7)) = Tim | fult) - (1) dt
n—oo n—oo R
= [ dm g0 et = [ 10 ol0)
R0 R
= (T}, ).
This gives the claim. [

14.4.5. The Dirac comb

Definition 459.
Given: afixeda >0
we define: the Dirac comb III, as:
the distribution

I, = Z Ok-a-

kEZ

(III 1s pronounced as “shah”).

Remark 460. The Dirac comb is an a-periodic distribution!

Consider again the a-periodic signal defined by
f(t) =t/a, fort € [0,al

y=f(t)

We yet now that

1 1
T, == — Opa = — — I1,.
= Zk a

Since f € L4([0, a]), we know that

1 1,k ,
ft)=5+5- >, et inLE([0,a)).
kez\{0}
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14. Distributions

This is the Fourier series expansion of f, an expansion that converges in the L?-norm. Thus,
we have convergence in the sense of distributions:

1 i\~ L 2mikt g
T_§+nh—>nc}o§;lﬁ'e a in 7.

k#0

By the continuity of the derivation, this leads us to

n n

.1 TP | 1 ik
Tp = — lim — E et = 2 — lim — g emat
n—o00 a n—oo

=—n k=—n
k#£0
Thus we have got
T’:——hm— e2mict = ——HI.
fmp-imi Y a

k=—n

This gives us the following expression for the Dirac comb:

ik
IIIa — § €2w1at

keZ

I, = Z Sk-a-

keZ

with

The relation

e = p2migt
E a= 5

keZ keZ

can be interpreted as the Fourier series expansion of III in the sens of distributions. We will
develop this later!
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15. Tempered distributions

15.1. Tempered distributions

If f € Lt (R) and ¢ € 2(R), on has

) = [ ([ 10 ) w0
_ /R (1) ( /R o(N) - e 2N dA) dt

- /R £(t) - (1) dt

This computation would motivate the following definition of the Fourier transform of a distri-
bution

(T,p)=(T,¢), VpeP(R).

Unfortunately,
p € IR) = ¢ ¢ Z(R)

In order to overcome this difficulty, we will apply the above definition of a Fourier transform
only to so-called tempered distributions. Such distributions will be defined not only for ¢ &
Z(R), a tempered distribution will be defined on the larges space .. Since

pesS = pe.s,

the above definition will make sense.
Let us formalize this procedure!

15.1.1. The topology on .

First of all, remark that, as linear spaces, we have
P2(R) C &

We introduce now a notion of convergence on . that reduces, for sequences in Z(R), to
convergence in Z.

Definition 461.
Let us consider a sequence {(,} /%] in .# in and a fixed element ¢ € ..
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15.1. Tempered distributions

1. the sequence {¢, }>] converges in . to 0:

for all n and m € {0, 1,2,3,...}, we have
lim [[£" - "™ (t)]|oo = sup [¢" - ¢ (#)] = 0.
n—oo tecR

We denote this by
on— 0 in.”.

2. the sequence {¢, },'> in . converges in . to ¢:

On—@—0 inSZ.

We denote this by
On — @ in .

Remark 462. We note that, whenever p,, — 0 in .7, then

T (14" () = sup |14+ £ (1)] = 0
foralln and m € {0,1,2,3,...}.
Remark 463. Let us remark that the inclusion Z(R) C .7 is continuous:

on—=p INY = o, = in.

15.1.2. Definition of a tempered distribution

Definition 464.
A tempered distribution 7" is a mapping

T: —C, o= To = (T, )
that is
e linear: Va € C,Vyp, ¢ € .7,
Ty o+ 9) =a-(T,¢) +(T,¢).
e continuous at 0:

on — ¢ in = lIm (T, p,) = (T, ).

n—oo
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15. Tempered distributions

l Again, continuity at 0 implies continuity everywhere.

Definition 465.
We denote by .#” the space of all tempered distributions.

Tempered distributions may be viewed as distributions

Proposition 466.

Hyp  Consider a tempered distrubtion T : ¥ — C
Concl  The restriction T|gw) of T to the subspace Z(R) C .7 is a distri-

bution, i.e.
TeY — T|@(R) € 9.

Example 467.
The Dirac distribution ¢ is a tempered distribution:

(0,0) =¢(0), VpeJ.

Remark 468. Not all distributions are tempered distributions. As an example, consider
the distribution

T 2

e

that is not a tempered distribution.

15.2. Functions as tempered
distributions

Definition 469.
A measurable function
fR—=C, tw f(t)
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15.2. Functions as tempered distributions

is slowly increasing if

t
dN € N such that sup M < +00.

ter (14 t2)N

On usually says that slowly increasing functions have at most a polynomial growth at infin-
ity.

Proposition 470.
Every slowly increasing function f : R — C can be viewed as a tempered distribution
T through

(Ty,0) = /Rf@) - p(t) dt.

Proof. First of all, T’ is well-defined. Indeed, suppose that NV is such that
/()]

sup —mMmMmMm———.
ex (1+ 22N

Then Vo € ., we have

1000 = e (14 2) (0,
N—— cLo°
Saaen el

/Rf(t) -o(t) dt € C.

That fact that T’ is linear follows immediately from the definition.

So, we arrive to the conclusion if we can show that 7% is continuous.

So let us assume that o, — 0 in .. If we choose N as at the beginning of this proof, we
get

[Ty, n)l =

IR dt'

()]

< [ T ) e a

< 104D Ol [ e
G RT

ie.
lim (T, ¢,,) = 0.
n—oo

Thus we are done!
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15. Tempered distributions

Proposition 471.
All functions € LE(R) with p € [1,400[ can be viewed as a tempered distribution
Tt through

@)= [ 10 vyt Voes.

Proof. The proof is similar to the previous one.
Remark that one uses a relation of the form

/|f )| dt = /|f 1+t2> (1 +13) - |(t)] dt.

eLee

15.3. Elementary operations on
tempered distributions

15.3.1. Derivative of a tempered distribution

Definition 472.
Every tempered distribution 7" has derivatives (of any order) defined as follows:

L AT p)=—(T,¢'), Vpe€.J;
2. (T", o) =(T,¢"), Vyp e
3. (T, ¢) = —(T,¢"), Vpe.,

Hence, fork =1,2,3, ...,

(T®, ) = (—1)KT, ), Vype 2.

Proposition 473.
The mapping
S =S T —Tm

is continuous, forall k =1,2,3,.. ..
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15.3. Elementary operations on tempered distributions

Thus
T,—-T inS=T% 5T ing,
ie. if
lim (T, ) = (T, ¢), Vo € &,
n—oo
then
Hm (T®, ) = (T®, ),  VpeZ,
n—oo

15.3.2. Multiplication by powers of ¢

Proposition 474.
The mapping
S S T—th.T

is continuous, forall k =1,2,3,.. ..

15.3.3. The dirac comb as a tempered distribution

Definition 475.
A sequence { &, } ez of complex numbers is slowly increasing if there exists an integer
N > 0 and a constant A such that

la| < A-|nY  for all sufficiently large |n|.

Proposition 476.

Hyp Consider a sequence {c, }nez of complex numbers that is slowly in-
creasing and a constant a > ()

Concl Then
M= Z ap 6k-a

is a tempered distribution.

Proposition 477.
The Dirac comb 111, is a tempered distribution.
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16

The Fourier transorm of tempered
distributions
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16. The Fourier transorm of tempered distributions

16.1. Definition and main properties

Definition 478.
We define the Fourier transform

T S =S, T Fo[l] =T

through )
(T,0)={T,¢), Vpe.

Proposition 479.

Hyp  Consider a function f € LZ(R).

Hence f can be viewed as a tempered distribution T}.

Moreover, its Fourier transform Fp2 [f(t)](\) =: f()\), being an

element in LZ(R), can be viewed as a tempered distirubution T
Concl Then e

Ty =1y
Le.
Tro) = [ e ar,  Voes.
R

Proof. This follows from then facts, that
o ¥ C LL(R);
e forall f and g € LZ(R), on has

/R FO - g() dA = / £(0) - 5(1) dt.

Proposition 480.

Hyp  Consider a function f € LL(R).

"~ Hence f can be viewed as a tempered distribution T .
Moreover; its Fourier transform Fpi [f(t)] (\) =: f()\), being an
element in LE (R), can be viewed as a tempered distirubution T
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16.1. Definition and main properties

Concl .
Ty =14,
ie.
Tro)= [ F0-v D, Ve
R
Proposition 481.
Hyp  Let T be a tempered distribution.
Concl Then
1. Fork=1,2,3,..., one has
T® = [(—2mit)* - T
T® = (2mi\T.
2. Fora € R, one has
TaT _ [627riatT]/\
ﬁﬂ _ @_QWW}‘T,
Proof for the first statement. We have, Vp € .7,
([2mit)*T]", ) = (T, (2mit)" - (1)
= (T, p®)

and this gives the claim.

Remark that the proof of the other relations is similar!

(—D)HTW, )

Proposition 482.
The Fourier transform

%7’;y,_>y,a

A

THyy/[T] T

341



16. The Fourier transorm of tempered distributions

is a linear, bi-continuous bijection, whose inverse is given by

(T 0) = (T, 7 el), Vo€

Example 483.
One has, Vy € .7,

<5790> = <5>¢> :95(0)
o(t) - e 20 gt = / 1-(t) dt

R
Thus
b=1 in .7’ .
Moreover
(day p) = (0, p) = P(a)
= / o(t) - e 2 dt.
R
Thus
0a(\) = e 2% in

Example 484.

Consider the tempered distribution 7y generated by
f(t) _ eQﬂ’iat
(with a fixed a € R). Then

<Tf7(10> = <Tf7¢

so that
T627riat - 6@'
For a = 0, we get
Ti=9
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16.2. The Fourier series viewed as Fourier transformed

Recall that we have developed the formula

ma = Z ak-a = 2262#i5t

kEZ keZ

This relation will help us to compute the Fourier transformed of I11,,.

Example 485.
Since the Fourier transform .% & is continuous, we have

ﬁ—[\a()\) _ Z(g/lc-\a()Q:ZeQWikGA

keZ kEZ
1
- - Hll/a()\)
Thus
1
I, = _I—I—Il/a
a

16.2. The Fourier series viewed as
Fourier transformed

Let us consider an a-periodic signal f with f € L([0, a]). Thus we have
lim ”f - anL2 =0
n—oo

if we set
n

fn(t) _ Z Ck627ri§t

k=—n
with | e
ce=— [ flt) 75t dt,
a Jo

Remark that, due to the L? convergence, we have

Tfn — Tf in y’.
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16. The Fourier transorm of tempered distributions

Thus we get, Vo € .7,

Ty, o)

n—oo
n

_ . 2ﬂi§A ~
= lim ) e’ g(N)

k=—n

R k
= Jm > e (g)

k=—n

= < D O s0>

k=—n

= <ch-5k/a,¢>.

keZ
Proposition 486.
Let us consider an a-periodic signal f with f € L%([0, a]). Thus we have
lim [|f = full2 =0
n—o0
if we set
fn(t) _ Z Ck€27ri§t
k=—n
with e
o =— | f(t)-e2mat gt
@ Jo
Then
Tf = ch : ék/a.
keZ
Example 4877.

Consider again the a-periodic signal defined by

f(t) =t/a, fort € [0,q]

y = f(t)
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16.2. The Fourier series viewed as Fourier transformed

An easy computation shows that

1
=75
and )
1
=0T
Thus the modulus of the Fourier transformed of f is represented in the following way:

Ck

Vk € Z\ {0}.

1/2’\

UUSUPLY | I EYSUUUNN

—1/a 1/a2/a3/a4/a5/a6/aT/a8/a
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